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1. Introduction 
Incompleteness or missingness in data is a common problem, faced by practitioners in 

the sample surveys, like: drug testing experiments, agricultural experiments, socio-

economic surveys, etc. The inferences regarding the population parameters can be spoiled 

if the stochastic nature of incompleteness of the required data is not known. Hansen and 

Hurwitz (1946) were the first researchers to deal with the problem of incomplete samples 

in mail surveys. Rubin (1976) introduced the following concepts: Missing at Random 

(MAR), Observed at Random (OAR), Missing Completely at Random (MCAR) and 

Parameter Distinctness (PD).  

(a) The data are MAR if the probability of the observed missingness pattern, given the 

observed and unobserved data, does not depend upon the value of the unobserved data.  

(b) The data are OAR if for every possible value of the missing data, the probability of the 

observed absence pattern, given the observed and unobserved data, does not depend on 
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the values of the observed data.  

(c) MCAR means that the missing data is independent of observed and unobserved data 

that is, when data set is MCAR, it can be considered as a simple random sample of the 

full data set of interest.  

(d) PD holds if there are no priori ties between the parameters of the absence model and 

those of data model.  

Heitzan and Basu (1996) have distinguished MAR and MCAR in a very effective way. 

Many methods are used by the practitioners to reduce the negative impact of the missingness 

in making conclusions about population parameters. Imputation is one of the popular 

methods wherein non response units are imputed suitably using fabricated values by 

involving the respondent units of the population. Sande (1979) and Kalton et al. (1981) 

suggested imputation methods that make an incomplete data set structurally complete. In 

past two decades, many pioneering advancements are made to reduce the negative effect if 

the data is missing. A number of authors such as Singh and Horn (2000), Singh and Deo 

(2003), Ahmed et al. (2006), Kadilar and Cingi (2008), Diana and Perri (2010), Thakur et 

al. (2012) have suggested several imputation techniques with the help of auxiliary variable. 

Yang and Kim (2016) suggested Fractional Imputation (FI) for handling item nonresponses. 

In FI, each missing item is “filled in” with several imputed values with their fractional 

weights, where each fractional weight represents the conditional probability of the imputed 

value given the observed data. Kumar et al. (2017) suggested a class of exponential chain 

type estimator for population mean under double sampling scheme using imputation 

techniques. Zahid and Shabbir (2018) suggested an improved class of estimators in the 

presence of measurement error and non-response under stratified random sampling for 

estimating the finite population mean. Sohail and Shabbir (2019) gave another imputation 

method using raw moments. Bhushan et al. (2020) described some improved imputation 

methods by using higher order moment of auxiliary variable. Hussain et al. (2020) 

suggested two new families of estimators using the auxiliary information in terms of the 

population distribution functions with the case of non-response under simple random 

sampling. Ahmad et al. (2022) addressed the issue of estimating the population mean using 

rank of the auxiliary variable in simple random sampling scheme when non response is 

present in the data. Zahid et al. (2022) gave a general class of estimators for estimating the 

finite population mean for sensitive variable, in the presence of measurement error and non-

response in simple random sampling. Prasad and Yadav (2023) gave some other product 

type exponential imputation methods to tackle the problem of incomplete values of study 

variable in the sample. Pandey et al. (2024) suggested two other classes of imputation 

techniques based on the logarithmic function. Yadav and Prasad (2024) introduced some 

efficient generalized class of factor-type exponential imputation techniques and their 

corresponding estimators using auxiliary information. Bhushan and Kumar (2025) utilized 

the multi auxiliary information available under Ranked Set Sampling (RSS) for the 

imputation of missing data and gave some other imputation methods.  

     In the present paper, we have proposed three imputation strategies, by making use of 

the logarithmic relationship between the study variable y and the auxiliary variable x, for 

estimating finite population mean in case of missing data. The use of logarithmic function 

is motivated by its wide-ranging real-world applications, such as measuring the magnitude 

of earthquakes, assessing noise levels, determining the pH value of chemical substances, 

and calculating the half-life of radioactive elements. In most of the cases, log transformation 

is employed to approximate normality which is a fundamental assumption underlying many 
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statistical tests and estimation methods. This transformation not only stabilizes variance but 

also enhances the reliability and interpretability of statistical inferences. In this paper, three 

classes of logarithmic-type estimators are developed under different assumptions regarding 

the availability of the population mean (𝑋̅) of the auxiliary variable 𝑥. Then, a comparative 

study with respect to their mean square errors is carried out and theoretical results so 

obtained are finally verified with the help of some numerical populations and simulation 

techniques, confirming the practical utility and robustness of the proposed approaches. 

 This article is organized as follows: Section 2 deals with the methodology and notations 

used in this research, followed by the description of existing estimators in Table 1. Section 

3 introduces the formulation of proposed classes of logarithmic estimators of the population 

mean, followed by description of their properties (Biases and Mean Square Errors (MSEs)). 

Section 4 provides a comparative analysis of the efficiencies of the proposed estimators 

with the existing ones. Numerical illustrations based on real and hypothetical datasets are 

given in Section 5, followed by a discussion of the obtained results in Section 6. The 

concluding remarks are presented in Section 7. 

 

2. Methodology and Notations  
     Let 𝛺 = {1,2,3,… . , 𝑁} be a finite population consisting of N identifiable units. Let y be the 

character under study and x be the auxiliary variate which is positively correlated with y. The 

information about x may be available on the entire population. Let S be the Simple Random 

Sample Without Replacement (SRSWOR) of size n (n < N) which is drawn from  𝛺. Let the 

number of responding units be denoted by r, so that number of non-responding units be equal to 

(n-r). Let the responding set of sampling units be denoted by R and that of non-responding set 

by 𝑅𝑐. So, we have S= R∪ 𝑅𝑐 . For each 𝑖 ∈ R, the value of yi is known. However, for the units 

𝑖 ∈ 𝑅𝑐, the yi values are missing and thus imputed values are derived in this case. The imputation 

is carried out with the aid of auxiliary variate x, such that, the value of x for unit i (say xi), is 

known for each i ∈ 𝑆.  Consider the following rule: 

                                              𝑦.𝑖 = {
𝑦𝑖 𝑖 ∈ 𝑅
𝑦̂𝑖 𝑖 ∈ 𝑅𝑐

 , i ∈ 𝑆, 

where 𝑦̂𝑖 denotes the imputed value of the variable y for the ith non-responding unit.  

The value of 𝑦̂𝑖 is different for each imputation technique. 

The following notations are used throughout the paper: 

 𝑌, 𝑋̅:  population means of study variable and auxiliary variable respectively. 

𝑦̅𝑟 , 𝑥̅𝑟: response means of the respective variables for the responding set R of the given sample.  

𝑦̅𝑛, 𝑥̅𝑛: sample means of the variables y and x based on sample S of size n.    

(𝑌𝑖, 𝑋𝑖) denote the values of (y, x) on the 𝑖𝑡ℎ population unit.             

𝑆𝑦𝑥 =
1

𝑁−1
∑ (𝑌𝑖 − 𝑌)(𝑋𝑖
𝑁
𝑖=1 − 𝑋 ̅),       𝑆𝑦

2 = 
1

𝑁−1
∑ (𝑌𝑖 − 𝑌)

2𝑁
𝑖=1 ,  𝑆𝑥

2 = 
1

𝑁−1
∑ (𝑋𝑖 − 𝑋̅)

2𝑁
𝑖=1   

 𝜌𝑦𝑥(𝑜𝑟 𝜌) =
𝑆𝑦𝑥

𝑆𝑦𝑆𝑥
∶  population correlation coefficient between the variables y and x,                              

𝐶𝑦 =
𝑆𝑦

𝑌
,        𝐶𝑥 =

𝑆𝑥

𝑋
,       R*= 

𝑌

𝑋
 , 

 𝜆1 =
1

𝑟
−

1

𝑁
 ,            𝜆2 =

1

𝑛
−

1

𝑁
  ,          𝜆3 =

1

𝑟
−

1

𝑛
 =  𝜆1 − 𝜆2. 

Also define for the sample S,  

 𝑠𝑦𝑥 =
1

𝑛−1
∑ (𝑦.𝑖 − 𝑦̅𝑛)
𝑛
𝑖=1 (𝑥𝑖 − 𝑥̅𝑛),     𝑠𝑥

2 =
1

𝑛−1
∑ (𝑥𝑖 − 𝑥̅𝑛)

2𝑛
𝑖=1 ,      𝑠𝑦

2 =
1

𝑛−1
∑ (𝑦.𝑖 − 𝑦̅𝑛)

2𝑛
𝑖=1 . 

Correspondingly for the responding set R, we take, 
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 𝑠𝑦𝑥
∗ =

1

𝑟−1
∑ (𝑦𝑖 − 𝑦̅𝑟)
𝑟
𝑖=1 (𝑥𝑖 − 𝑥̅𝑟),       𝑠𝑥

∗2 =
1

𝑟−1
∑ (𝑥𝑖 − 𝑥̅𝑟)

2𝑟
𝑖=1 ,     𝑠𝑦

∗2 =
1

𝑟−1
∑ (𝑦𝑖 − 𝑦̅𝑟)

2𝑟
𝑖=1      

Let 𝜀 =
𝑦𝑟

𝑌
− 1,         𝛿 =

𝑥̅𝑟

𝑋
− 1,           𝜂 =

𝑥̅𝑛

𝑋
− 1.  

 

 On using the concept of two-phase sampling, given by Rao and Sitter (1995), and the 

mechanism of MCAR, for given r and n, we have the following expectations under SRSWOR: 

E (𝜀) = 0,   E (𝛿) = 0,     E (𝜂) = 0. 

Up to first order of approximation, further we have the following expectations: 

E(𝜀2) = 𝜆1𝐶𝑦
2,        E(𝛿2) = 𝜆1𝐶𝑥

2,       E(𝜖𝛿) = 𝜆1𝜌𝐶𝑦𝐶𝑥,     

E(𝜂2) = 𝜆2𝐶𝑥
2,       E(𝛿𝜂) = 𝜆2𝐶𝑥

2,       E(𝜖𝜂) = 𝜆2𝜌𝐶𝑦𝐶𝑥. 

The population mean 𝑋̅ of the auxiliary variable 𝑥 may or may not be known. For the 

formulation of the proposed imputed estimators, three specific situations have been taken into 

consideration, as outlined below. 

 

Strategy I: When 𝑋̅ is known and 𝑥̅𝑟 is used. 

Strategy II: When 𝑋̅ is known and 𝑥̅𝑛 is used. 

Strategy III: When 𝑋̅ is unknown and both 𝑥̅𝑛 and 𝑥̅𝑟 are used. 

The general point estimator for the unknown population mean 𝑌 takes the form: 

                   𝑦̅𝑡 = 
1

𝑛
∑ 𝑦.𝑖 =𝑖∈ 𝑆  

1

𝑛
 [∑ 𝑦𝑖 +∑ 𝑦̂𝑖𝑖∈𝑅𝑐 𝑖∈ 𝑅 ] 

 

   In Table 1, we have presented a list of some existing imputation techniques for the estimation 

of 𝑌 along with their notations, structures and Variances/ Mean Square Errors (MSEs) for the 

purpose of comparative analysis in the coming sections. 

 
Table 1. Existing imputation methods, notations, structures and Variances\MSE of the estimators of 𝑌̅ 

Imputation Methods Notations Structures Variances /Mean square errors 
1. Simple mean method of imputation 

𝑦.𝑖 = {
𝑦𝑖        𝑖 ∈ 𝑅 
𝑦̅𝑟          𝑖 ∈ 𝑅

𝑐

       

 

 

𝑦̅(1) 
 

𝑦̅𝑟 

 

Var (𝑦̅(1)) =  𝜆1𝑌̅
2𝐶𝑦

2 

2. Ratio Estimators method of imputation 

(Reformulating by Singh and Horn (2000)) 

 

Under strategy I 

𝑦(21) = {

𝑦𝑖 𝑖 ∈ 𝑅

1

𝑛 − 𝑟
[𝑛𝑦̅𝑟 (

𝑋̅

𝑥̅𝑟
) − 𝑟𝑦̅𝑟] 𝑖 ∈ 𝑅𝑐

 

Under strategy II 

𝑦(22) = {

𝑦𝑖 𝑖 ∈ 𝑅

1

𝑛 − 𝑟
[𝑛𝑦̅𝑟 (

𝑋̅

𝑥̅𝑛
) − 𝑟𝑦̅𝑟] 𝑖 ∈ 𝑅𝑐

 

 

Under strategy III 

𝑦(23) = {

𝑦𝑖 𝑖 ∈ 𝑅
1

𝑛 − 𝑟
[𝑛𝑦̅𝑟 (

𝑥̅𝑛
𝑥̅𝑟
) − 𝑟𝑦̅𝑟] 𝑖 ∈ 𝑅𝑐

 

 

 

 

 

 

𝑦̅(21) 

 

 

𝑦̅(22) 

 

 

 

𝑦̅(23) 

 

 

 

 

𝑦̅𝑟
𝑋̅

𝑥̅𝑟
 

 

 

𝑦̅𝑟
𝑋̅

𝑥̅𝑛
 

 

 

𝑦̅𝑟
𝑥̅𝑛
𝑥̅𝑟

 

 

 

 

 

 

𝑀𝑆𝐸(𝑦̅(21)) = 𝜆1𝑌̅
2(𝐶𝑥

2 + 𝐶𝑦
2 − 2𝜌𝐶𝑦𝐶𝑥) 

 

 

 

𝑀𝑆𝐸(𝑦̅(22)) = 𝑌̅
2(𝜆1𝐶𝑦

2 + 𝜆2(𝐶𝑥
2

− 2𝜌𝐶𝑦𝐶𝑥)) 

 

 

𝑀𝑆𝐸(𝑦̅(23)) = 𝑌̅
2(𝜆1𝐶𝑦

2 + 𝜆3(𝐶𝑥
2

− 2𝜌𝐶𝑦𝐶𝑥)) 

3. Regression estimators method of imputation 

(Diana and Perri (2010)) 
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Under strategy I 

𝑦(31) = {

𝑛

𝑟
𝑦𝑖 −

𝑏𝑛𝑥𝑖
𝑟

𝑖 ∈ 𝑅

𝑏𝑛𝑋̅

𝑛 − 𝑟
𝑖 ∈ 𝑅𝑐

 

Under strategy II

 

      𝑦(32) = {

𝑛

𝑟
𝑦𝑖 + 𝑏(𝑋̅ − 𝑥𝑖) 𝑖 ∈ 𝑅

𝑏(𝑋̅ − 𝑥𝑖) 𝑖 ∈ 𝑅𝑐
 

Under strategy III 

𝑦(33) = {

𝑛

𝑟
𝑦𝑖 −

𝑏𝑛𝑥𝑖
𝑟

𝑖 ∈ 𝑅

𝑏𝑛𝑥̅𝑛
𝑛 − 𝑟

𝑖 ∈ 𝑅𝑐
 

 

 

 

𝑦̅(31) 

 

 

 

𝑦̅(32) 

 

 

𝑦̅(33) 

 

 

 

 

 

𝑦̅𝑟 + 𝑏(𝑋̅ − 𝑥̅𝑟) 

 

 

 

𝑦̅𝑟 + 𝑏(𝑋̅ − 𝑥̅𝑛) 

 

 

𝑦̅𝑟 + 𝑏(𝑥̅𝑛 − 𝑥̅𝑟) 

 

 

𝑀𝑆𝐸(𝑦̅(31)) = 𝜆1𝑌̅
2𝐶𝑦

2(1 − 𝜌2) 

 

 

 

𝑀𝑆𝐸(𝑦̅(32)) = 𝜆3𝑌̅
2𝐶𝑦

2

+ 𝜆2𝑌̅
2𝐶𝑦

2(1 − 𝜌2) 

 

𝑀𝑆𝐸(𝑦̅(33)) = 𝜆2𝑌̅
2𝐶𝑦

2

+ 𝜆3𝑌̅
2𝐶𝑦

2(1 − 𝜌2) 

4. Compromised Method of Imputation  

(Singh and Horn (2000)) 

Under strategy I 

𝑦(41) = {

𝑦𝑖 𝑖 ∈ 𝑅

1

𝑛 − 𝑟
[𝑛 (𝛼𝑦̅𝑟 + (1 − 𝛼)𝑦̅𝑟 (

𝑋̅

𝑥̅𝑟
)) − 𝑟𝑦̅𝑟] 𝑖 ∈ 𝑅𝑐

 

Under strategy II 

𝑦(42) = {

𝑦𝑖 𝑖 ∈ 𝑅

1

𝑛 − 𝑟
[𝑛 (𝛼𝑦̅𝑟 + (1 − 𝛼)𝑦̅𝑟 (

𝑋̅

𝑥̅𝑛
)) − 𝑟𝑦̅𝑟] 𝑖 ∈ 𝑅𝑐

 

Under strategy III 

𝑦(43) = {

𝑦𝑖 𝑖 ∈ 𝑅

1

𝑛 − 𝑟
[𝑛 (𝛼𝑦̅𝑟 + (1 − 𝛼)𝑦̅𝑟 (

𝑥̅𝑛
𝑥̅𝑟
)) − 𝑟𝑦̅𝑟] 𝑖 ∈ 𝑅𝑐

 

where 𝛼 is suitably chosen constant. 

 

 

 
 

 

 
 

𝑦̅(41) 

 

 
 

 

𝑦̅(42) 

 

 
 

𝑦̅(43) 

 

 

 

 
 

 

 

𝛼𝑦̅𝑟 + (1 − 𝛼)𝑦̅𝑟 (
𝑋̅

𝑥̅𝑟
) 

 
 

 

𝛼𝑦̅𝑟 + (1 − 𝛼)𝑦̅𝑟 (
𝑋̅

𝑥̅𝑛
) 

 

 

𝛼𝑦̅𝑟 + (1 − 𝛼)𝑦̅𝑟 (
𝑥̅𝑛
𝑥̅𝑟
) 

 

 

 
 

 

 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(41)) = 𝜆1𝑌̅
2𝐶𝑦

2(1 − 𝜌2) 

 

 
 

 

 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(42)) = 𝜆3𝑌̅
2𝐶𝑦

2

+ 𝜆2𝑌̅
2𝐶𝑦

2(1 − 𝜌2) 

 

 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(43)) = 𝜆2𝑌̅
2𝐶𝑦

2

+ 𝜆3𝑌̅
2𝐶𝑦

2(1 − 𝜌2) 

5. Kadilar and Cingi (2008)’s estimators method of imputation 

Under strategy I 

𝑦(51) =

{
 
 

 
 (
𝑛

𝑟
𝑦𝑖 −

𝑏𝑛𝑥𝑖
𝑟
)(
𝑋̅

𝑥̅𝑟
) 𝑖 ∈ 𝑅

(
𝑏𝑛𝑋̅

𝑛 − 𝑟
) (

𝑋̅

𝑥̅𝑟
) 𝑖 ∈ 𝑅𝑐

 

Under strategy II

 
 

      𝑦(52) =

{
 
 

 
 (
𝑛

𝑟
𝑦𝑖 + 𝑏(𝑋̅ − 𝑥𝑖))(

𝑋̅

𝑥̅𝑛
) 𝑖 ∈ 𝑅

𝑏(𝑋̅ − 𝑥𝑖) (
𝑋̅

𝑥̅𝑛
) 𝑖 ∈ 𝑅𝑐

 

Under strategy III 

𝑦(53) =

{
 

 (
𝑛

𝑟
𝑦𝑖 −

𝑏𝑛𝑥𝑖
𝑟
) (
𝑥̅𝑛
𝑥̅𝑟
) 𝑖 ∈ 𝑅

𝑏𝑛𝑥̅𝑛
𝑛 − 𝑟

(
𝑥̅𝑛
𝑥̅𝑟
) 𝑖 ∈ 𝑅𝑐

 

 

 

 
 

 

 

𝑦̅(51) 

 

 

 
 

 

 

𝑦̅(52) 

 

 

 

 

𝑦̅(53) 

 

 

 

 
 

 

 

(𝑦̅𝑟 + b(𝑋̅ − 𝑥̅𝑟))
𝑋̅

𝑥̅𝑟
 

 
 

 

 

(𝑦̅𝑟 + b(𝑋̅ − 𝑥̅𝑛))
𝑋̅

𝑥̅𝑛
 

 

 

 

(𝑦̅𝑟 + b(𝑥̅𝑛 − 𝑥̅𝑟))
𝑥̅𝑛
𝑥̅𝑟

 

 

 

 

 
 

 

 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(51)) = 𝜆1𝑌̅
2[𝐶𝑦

2(1 − 𝜌2) + 𝐶𝑥
2] 

 
 

 

 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(52)) = 𝑌̅
2[𝜆1𝐶𝑦

2

+ 𝜆2(𝐶𝑥
2 − 𝜌2𝐶𝑦

2)] 

 

 

 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(53)) = 𝑌̅
2[𝜆1𝐶𝑦

2

+ 𝜆3(𝐶𝑥
2 − 𝜌2𝐶𝑦

2)] 

 6. Singh et al. (2010)’s estimators method of imputation

 
Under strategy I 

𝑦(61) = {

𝑦𝑖 𝑖 ∈ 𝑅
1

(𝑛 − 𝑟)
𝑦̅𝑟 [

𝑛{(𝐴 + 𝐶)𝑋̅ + 𝑓𝐵𝑥̅𝑟}

(𝐴 + 𝑓𝐵)𝑋̅ + 𝐶𝑥̅𝑟
− 𝑟] 𝑖 ∈ 𝑅𝑐

 

 

Under strategy II 

𝑦(62) = {

𝑦𝑖 𝑖 ∈ 𝑅

1

(𝑛 − 𝑟)
𝑦̅𝑟 [

𝑛{(𝐴 + 𝐶)𝑋̅ + 𝑓𝐵𝑥̅𝑛}

(𝐴 + 𝑓𝐵)𝑋̅ + 𝐶𝑥̅𝑛
− 𝑟] 𝑖 ∈ 𝑅𝑐

 

where 𝐴 = (𝑑 − 1)(𝑑 − 2),      𝐵 = (𝑑 − 1)(𝑑 − 4), 

 𝐶 = (𝑑 − 2)(𝑑 − 3)(𝑑 − 4),    𝑓 =
𝑛

𝑁
(0 ≤ 𝑓 ≤ 1) and 𝑑 is a non-

negative real constant (i.e.  𝑑 > 0). 

 
 
𝑦̅(61) 

 
 

 

 

𝑦̅(62) 

 
 

𝑦̅𝑟 [
𝑛{(𝐴 + 𝐶)𝑋̅ + 𝑓𝐵𝑥̅𝑟}

(𝐴 + 𝑓𝐵)𝑋̅ + 𝐶𝑥̅𝑟
]

 

 
 

𝑦̅𝑟 [
𝑛{(𝐴 + 𝐶)𝑋̅ + 𝑓𝐵𝑥̅𝑛}

(𝐴 + 𝑓𝐵)𝑋̅ + 𝐶𝑥̅𝑛
] 

 
 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(61)) = 𝜆1𝑌̅
2𝐶𝑦

2(1 − 𝜌2) 

 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(62)) = 𝑌̅2𝐶𝑦
2(𝜆1 − 𝜆2𝜌

2) 

7. Pandey et al. (2015)’s estimator method of imputation 

Under strategy I 
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𝑦(71) = {

𝑦𝑖 𝑖 ∈ 𝑅

𝑛

𝑛 − 𝑟
𝑦̅𝑟 [𝑒𝑥𝑝 (

𝑋̅ − 𝑥̅𝑟

𝑋̅ + 𝑥̅𝑟
) −

𝑟

𝑛
] 𝑖 ∈ 𝑅𝑐

 

Under strategy II 

𝑦(72) = {

𝑦𝑖 𝑖 ∈ 𝑅

𝑛

𝑛 − 𝑟
𝑦̅𝑟 [𝑒𝑥𝑝(

𝑋̅ − 𝑥̅𝑛

𝑋̅ + 𝑥̅𝑛
) −

𝑟

𝑛
] 𝑖 ∈ 𝑅𝑐

 

Under strategy III 

𝑦(73) = {

𝑦𝑖 𝑖 ∈ 𝑅
𝑛

𝑛 − 𝑟
𝑦̅𝑟 [𝑒𝑥𝑝 (

𝑥̅𝑟 − 𝑥̅𝑛
𝑥̅𝑟 − 𝑥̅𝑛

) −
𝑟

𝑛
] 𝑖 ∈ 𝑅𝑐

 

 

𝑦̅(71) 

 

 
 

𝑦̅(72) 

 

 

 

𝑦̅(73) 

𝑦̅𝑟𝑒𝑥𝑝 (
𝑋̅ − 𝑥̅𝑟

𝑋̅ + 𝑥̅𝑟
) 

 
 

𝑦̅𝑟𝑒𝑥𝑝(
𝑋̅ − 𝑥̅𝑛

𝑋̅ + 𝑥̅𝑛
) 

 

 

𝑦̅𝑟𝑒𝑥𝑝 (
𝑥̅𝑟 − 𝑥̅𝑛
𝑥̅𝑟 − 𝑥̅𝑛

) 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(71)) = 𝜆1𝑌̅
2 (𝐶𝑦

2 +
1

4
𝐶𝑥
2

− 𝜌𝐶𝑦𝐶𝑥) 

 

 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(72)) = 𝑌̅
2 [𝜆1𝐶𝑦

2

+ 𝜆2 (
1

4
𝐶𝑥
2

− 𝜌𝐶𝑦𝐶𝑥)] 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(73)) =
𝑌̅2

4
[4𝜆1𝐶𝑦

2 + 𝜆1𝐶𝑥
2

+ (𝜆1 − 𝜆2)𝜌𝐶𝑦𝐶𝑥] 

 8. Prasad (2018)’s estimator method of imputation 

Under strategy I 

𝑦(81) = {

𝑦𝑖𝑒𝑥𝑝(𝜑(𝑎
∗, 𝑏∗, 𝑥̅𝑟)) 𝑖 ∈ 𝑅

𝑦̅𝑟
𝑥̅𝑟
[𝑥𝑖 −

𝑛

𝑛 − 𝑟
(𝑥̅𝑛 − 𝑥̅𝑟)] 𝑒𝑥𝑝(𝜑(𝑎

∗, 𝑏∗, 𝑥̅𝑟)) 𝑖 ∈ 𝑅𝑐
 

Under strategy II 

𝑦(82) = {

𝑦𝑖𝑒𝑥𝑝(ℎ(𝑎
∗, 𝑏∗, 𝑥̅𝑛)) 𝑖 ∈ 𝑅

𝑦̅𝑟
𝑥̅𝑟
[𝑥𝑖 −

𝑛

𝑛 − 𝑟
(𝑥̅𝑛 − 𝑥̅𝑟)] 𝑒𝑥𝑝(ℎ(𝑎

∗, 𝑏∗, 𝑥̅𝑛)) 𝑖 ∈ 𝑅𝑐
 

where 𝜑(𝑎∗, 𝑏∗, 𝑥̅𝑟) =
𝑎∗(𝑋̅−𝑥̅𝑟)

𝑎∗(𝑋̅−𝑥̅𝑟)+2𝑏∗
 ,  ℎ(𝑎∗, 𝑏∗, 𝑥̅𝑛) =

𝑎∗(𝑋̅−𝑥̅𝑛)

𝑎∗(𝑋̅−𝑥̅𝑛)+2𝑏∗
 with 

𝑎∗ ≠ 0 and 𝑏∗  are either some real numbers or the known values of 

population parameters of the auxiliary variable x. 

 

 

 

𝑦̅(81) 

 

 

𝑦̅(82) 

 

 

 

𝑦̅𝑟𝑒𝑥𝑝(𝜑(𝑎
∗, 𝑏∗, 𝑥̅𝑟)) 

 

 

𝑦̅𝑟𝑒𝑥𝑝(ℎ(𝑎
∗, 𝑏∗, 𝑥̅𝑛)) 

 

 

 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(81)) = 𝜆1𝑌̅
2 (𝐶𝑦

2 +
1

4
𝜃2𝐶𝑥

2

− 𝜃𝜌𝐶𝑦𝐶𝑥) 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(82)) = 𝑌̅
2 (𝜆1𝐶𝑦

2

+ 𝜆2 (
1

4
𝜃2𝐶𝑥

2

− 𝜃𝜌𝐶𝑦𝐶𝑥)) 

where 𝜃 =
𝑎∗𝑋̅

𝑎∗𝑋̅+𝑏∗
. 

 

   In the next section, we have proposed three imputation methods (according to three strategies 

I-III) to tackle the problem of missing data by replacing the missing values with the fabricated 

imputed values. Ultimately, we proposed various classes of estimators of 𝑌 under these 

strategies. 

 

3. Proposed imputation procedure and corresponding estimators of 

𝒀̅. 
By getting motivation from Bhushan et al. (2015), we propose logarithmic type estimators 

of 𝑌, using Searl’s technique (1964). 

 

Under Strategy I: When 𝑋̅ is known and 𝑥̅𝑟 is used. 

The proposed imputation procedure is as follows: 

𝑦.𝑖 = {

𝑦𝑖 𝑖 ∈ 𝑅

1

𝑛−𝑟
[𝑛 (𝑦̅𝑟 (

𝑋

𝑥̅𝑟
)
𝑔

+ 𝑏1(𝑋̅ − 𝑥̅𝑟)) (1 + 𝑙𝑜𝑔 (
𝑥̅𝑟
∗

𝑋∗
)
𝛽

) − 𝑟𝑦̅𝑟] 𝑖 ∈ 𝑅𝑐
                  (1)                                                                                 

𝑦.𝑖 = {

𝛼1𝑦𝑖 𝑖 ∈ 𝑅

𝛼1

𝑛−𝑟
[𝑛 (𝑦̅𝑟 (

𝑋

𝑥̅𝑟
)
𝑔

+ 𝑏1(𝑋̅ − 𝑥̅𝑟)) (1 + 𝑙𝑜𝑔 (
𝑥̅𝑟
∗

𝑋∗
)
𝛽

) − 𝑟𝑦̅𝑟] 𝑖 ∈ 𝑅𝑐
                  (2)                                                                                                       

 where    𝑥̅𝑟
∗ = 𝑝𝑥̅𝑟 + 𝑞,    𝑋̅

∗ = 𝑝𝑋̅ + 𝑞, 𝑔 and 𝛽 are design parameters which may take values 

either -1 or 0 or 1; 𝑏1 and 𝛼1 are constants which are to be suitably determined;  p(≠ 0) and q are 

either known real numbers or the known values of some population parameters of auxiliary 

variable x, such as correlation coefficient (𝜌), coefficient of variation (𝐶𝑥), coefficient of kurtosis 

(𝛽2(𝑥)), standard deviation (Sx), coefficient of skewness (𝛽1(𝑥)), etc. 
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Theorem 3.1 The point estimators of 𝑌 under the proposed method of imputation are 

respectively: 

 𝑦̅𝑑1 = [𝑦̅𝑟 (
𝑋

𝑥̅𝑟
)
𝑔

+ 𝑏1(𝑋̅ − 𝑥̅𝑟)] [1 + 𝑙𝑜𝑔 (
𝑥̅𝑟
∗

𝑋∗
)
𝛽

]                                                                                                            

𝑦̅𝑃1 = 𝛼1 [𝑦̅𝑟 (
𝑋

𝑥̅𝑟
)
𝑔

+ 𝑏1(𝑋̅ − 𝑥̅𝑟)] [1 + 𝑙𝑜𝑔 (
𝑥̅𝑟
∗

𝑋∗
)
𝛽

]                                                                                                        

Proof: The point estimator of 𝑌 is 

                     𝑦̅𝑡 =
1

𝑛
[∑ 𝑦.𝑖𝑖∈𝑅 + ∑ 𝑦.𝑖]𝑖∈𝑅𝑐                                                                    (3)                                                                                                           

On putting the values from (1) and (2) in (3), we obtained the proposed classes of estimators 

of .  

 

Theorem 3.2 The biases of proposed estimators 𝑦̅𝑑1 and 𝑦̅𝑃1, up to the terms of 𝑜(𝑛−1), are 

respectively: 

𝐵𝑖𝑎𝑠(𝑦̅𝑑1) =  𝑌 (−
1

2
𝛽𝑘2𝜆1𝐶𝑥

2 − 𝑔𝛽𝑘𝜆1𝐶𝑥
2 +

1

2
𝑔(𝑔 + 1)𝜆1𝐶𝑥

2 + (𝛽𝑘 − 𝑔)𝜆1𝜌𝐶𝑦𝐶𝑥) −

                          𝑏1𝑋̅𝛽𝑘𝜆1𝐶𝑥
2 . 

𝐵𝑖𝑎𝑠(𝑦̅𝑃1)=𝑌 (𝛼1(1 + (−
1

2
𝛽𝑘2 − 𝑔𝛽𝑘 +

1

2
𝑔(𝑔 + 1))𝜆1𝐶𝑥

2 + (𝛽𝑘 − 𝑔)𝜆1𝜌𝐶𝑦𝐶𝑥) −

                      𝛼1𝑏1𝑋̅𝛽𝑘𝜆1𝐶𝑥
2.                       

Proof: For derivation of above results, refer to Appendix A. 

 

Theorem 3.3 The mean square errors of proposed estimators of 𝑦̅𝑑1 and 𝑦̅𝑃1, up to the 

terms of 𝑜(𝑛−1), are respectively: 

MSE(𝑦̅𝑑1) = 𝑌2𝜆1𝐶𝑦
2 + (𝛽2𝑘2 + 𝑔2 − 2𝑔𝛽𝑘)𝑌2𝜆1𝐶𝑥

2 + 2(𝛽𝑘 − 𝑔)𝑌2𝜆1𝜌𝐶𝑦𝐶𝑥
+ 2𝑏1(𝑔 − 𝛽𝑘)𝑋̅𝑌𝜆1𝐶𝑥

2 + 𝑏1
2𝑋̅2𝜆1𝐶𝑥

2 − 2𝑏1𝑋̅𝑌𝜆1𝜌𝐶𝑦𝐶𝑥  

MSE(𝑦̅𝑃1)=𝛼1
2[𝑌2 + 𝑌2𝜆1𝐶𝑦

2 + (𝛽2𝑘2 + 𝑔2 − 𝛽𝑘2 − 4𝑔𝛽𝑘 + 𝑔(𝑔 + 1))𝑌2𝜆1𝐶𝑥
2+4(𝛽𝑘 −

                      𝑔)𝑌2𝜆1𝜌𝐶𝑦𝐶𝑥 + 𝑏1
2𝑋̅2𝜆1𝐶𝑥

2 + 2𝑏1(𝑔 − 2𝛽𝑘)𝑋̅𝑌𝜆1𝐶𝑥
2 −

                      2𝑏1𝑋̅𝑌𝜆1𝜌𝐶𝑦𝐶𝑥]+𝛼1[−2𝑌
2 + (𝛽𝑘2 + 2𝑔𝛽𝑘 − 𝑔(𝑔 + 1))𝑌2𝜆1𝐶𝑥

2 −

                       2(𝛽𝑘 − 𝑔)𝑌2𝜆1𝜌𝐶𝑦𝐶𝑥+2𝑏1𝛽𝑘𝑋̅𝑌𝜆1𝐶𝑥
2]+ 𝑌2  .                                                                                                              

Here 𝑘 =
𝑝𝑋

𝑝𝑋+𝑞
 . 

Proof: For derivation of above results, refer to Appendix A. 

 

Theorem 3.4 The minimum mean square errors of proposed estimators 𝑦̅𝑑1 and 𝑦̅𝑃1 w.r.t.  

𝑏1 and 𝛼1, up to the terms of 𝑜(𝑛−1), are respectively: 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑1) = 𝜆1𝑌
2(1 − 𝜌2) 𝐶𝑦

2  .   

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑃1) =
𝑌2𝑀𝑆𝐸min(𝑦̅𝑑1) − 𝑌

2(𝐵𝑖𝑎𝑠(𝑦̅𝑑1))
2

𝑌2 +𝑀𝑆𝐸min(𝑦̅𝑑1) + 2𝑌𝐵𝑖𝑎𝑠(𝑦̅𝑑1)
 

Proof: For derivation of above results, refer to Appendix A 

Under Strategy II: When 𝑋̅ is known and 𝑥̅𝑛 is used. 

 The proposed imputation procedure is as follows: 

𝑦.𝑖 = {

𝑦𝑖 𝑖 ∈ 𝑅

1

𝑛−𝑟
[𝑛 (𝑦̅𝑟 (

𝑋

𝑥̅𝑛
)
𝑔

+ 𝑏2(𝑋̅ − 𝑥̅𝑛)) (1 + 𝑙𝑜𝑔 (
𝑥̅𝑛
∗

𝑋∗
)
𝛽

) − 𝑟𝑦̅𝑟] 𝑖 ∈ 𝑅𝑐
                (4)                                                                                                       
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𝑦.𝑖 = {

𝛼2𝑦𝑖 𝑖 ∈ 𝑅

𝛼2

𝑛−𝑟
[𝑛 (𝑦̅𝑟 (

𝑋

𝑥̅𝑛
)
𝑔

+ 𝑏2(𝑋̅ − 𝑥𝑛)) (1 + 𝑙𝑜𝑔 (
𝑥̅𝑛
∗

𝑋∗
)
𝛽
) − 𝑟𝑦̅𝑟] 𝑖 ∈ 𝑅𝑐

                         (5)                                                                                                                                        

where 𝑥̅𝑛
∗ = 𝑝𝑥̅𝑛 + 𝑞, 𝑋̅

∗ = 𝑝𝑋̅ + 𝑞, 𝑔 and 𝛽 are design parameters which may take values 

either -1 or 0 or 1; 𝑏2 and 𝛼2 are constants which are to be suitably determined;  p(≠ 0) and 

q are either known real numbers or the known values of some population parameters of 

auxiliary variable  as mentioned earlier. 

 

Theorem 3.5 The point estimators of  under the proposed method of imputation are 

respectively: 

𝑦̅𝑑2 = [𝑦̅𝑟 (
𝑋

𝑥̅𝑛
)
𝑔

+ 𝑏2(𝑋̅ − 𝑥̅𝑛)] [1 + 𝑙𝑜𝑔 (
𝑥̅𝑛
∗

𝑋∗
)
𝛽

]                                                                                                             

𝑦̅𝑃2 = 𝛼2 [𝑦̅𝑟 (
𝑋

𝑥̅𝑛
)
𝑔

+ 𝑏2(𝑋̅ − 𝑥̅𝑛)] [1 + 𝑙𝑜𝑔 (
𝑥̅𝑛
∗

𝑋∗
)
𝛽

]                                                                                                       

Proof: The point estimator of 𝑌 is 

                    𝑦̅𝑡 =
1

𝑛
[∑ 𝑦.𝑖𝑖∈𝑅 + ∑ 𝑦.𝑖]𝑖∈𝑅𝑐                                                                 (6)                                                                                                                  

On putting the values from (4) and (5) in (6), we obtained the proposed classes of estimators 

of . 

 

Theorem 3.6 The biases of proposed estimators 𝑦̅𝑑2 and 𝑦̅𝑃2, up to the terms of 𝑜(𝑛−1), are 

respectively: 

𝐵𝑖𝑎𝑠(𝑦̅𝑑2) =  𝑌 (−
1

2
𝛽𝑘2𝜆2𝐶𝑥

2 − 𝑔𝛽𝑘𝜆2𝐶𝑥
2 +

1

2
𝑔(𝑔 + 1)𝜆2𝐶𝑥

2 + (𝛽𝑘 − 𝑔)𝜆2𝜌𝐶𝑦𝐶𝑥) −

                         𝑏2𝑋̅𝛽𝑘𝜆2𝐶𝑥
2       

 

𝐵𝑖𝑎𝑠(𝑦̅𝑃2)=𝑌 (𝛼2(1 + (−
1

2
𝛽𝑘2 − 𝑔𝛽𝑘 +

1

2
𝑔(𝑔 + 1))𝜆2𝐶𝑥

2 + (𝛽𝑘 − 𝑔)𝜆2𝜌𝐶𝑦𝐶𝑥) −

                      𝛼2𝑏2𝑋̅𝛽𝑘𝜆2𝐶𝑥
2                         

Proof: This is similar to proof of Theorem 3.2. 

 

Theorem 3.7 The mean square errors of proposed estimators  𝑦̅𝑑2 and 𝑦̅𝑃2, up to the terms 

of 𝑜(𝑛−1), are respectively: 

𝑀𝑆𝐸(𝑦̅𝑑2) = 𝑌2𝜆1𝐶𝑦
2 + (𝛽2𝑘2 + 𝑔2 − 2𝑔𝛽𝑘)𝑌2𝜆2𝐶𝑥

2 + 2(𝛽𝑘 − 𝑔)𝑌2𝜆2𝜌𝐶𝑦𝐶𝑥 +

                        2𝑏2(𝑔 − 𝛽𝑘)𝑋̅𝑌𝜆2𝐶𝑥
2 + 𝑏2

2𝑋̅2𝜆2𝐶𝑥
2 − 2𝑏2𝑋̅𝑌𝜆2𝜌𝐶𝑦𝐶𝑥   . 

                                                                                                                                   

MSE(𝑦̅𝑃2) =  𝛼2
2[𝑌2 + 𝑌2𝜆1𝐶𝑦

2 + (𝛽2𝑘2 + 𝑔2 − 𝛽𝑘2 − 4𝑔𝛽𝑘 + 𝑔(𝑔 +

+1)) 𝑌̅2𝜆2𝐶𝑥
2+4(𝛽𝑘 − 𝑔)𝑌2𝜆2𝜌𝐶𝑦𝐶𝑥 + 𝑏2

2𝑋̅2𝜆2𝐶𝑥
2 + 2𝑏2(𝑔 − 2𝛽𝑘)𝑋̅𝑌𝜆2𝐶𝑥

2 −

                       2𝑏2𝑋̅𝑌𝜆2𝜌𝐶𝑦𝐶𝑥]+𝛼2[−2𝑌
2 + (𝛽𝑘2 + 2𝑔𝛽𝑘 − 𝑔(𝑔 + 1))𝑌2𝜆2𝐶𝑥

2 −

                       2(𝛽𝑘 − 𝑔)𝑌2𝜆2𝜌𝐶𝑦𝐶𝑥+2𝑏2𝛽𝑘𝑋̅𝑌𝜆2𝐶𝑥
2]+ 𝑌2.                                                                                                              

 

Here 𝑘 =
𝑝𝑋

𝑝𝑋+𝑞
. 

 

Proof: This is similar to proof of Theorem 3.3. 
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Theorem 3.8 The minimum mean square errors of proposed estimators  𝑦̅𝑑2 and 𝑦̅𝑃2 w.r.t. 

𝑏2 and 𝛼2, up to the terms of 𝑜(𝑛−1), are respectively: 

 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑2) = 𝑌
2[𝜆2(1 − 𝜌

2) 𝐶𝑦
2  + 𝜆3  𝐶𝑦

2 ].                

                                                                                      

           M𝑆𝐸min(𝑦̅𝑃2) =
𝑌2𝑀𝑆𝐸min(𝑦𝑑2)−𝑌

2(𝐵𝑖𝑎𝑠(𝑦𝑑2))
2

𝑌2+𝑀𝑆𝐸min(𝑦𝑑2)+2𝑌𝐵𝑖𝑎𝑠(𝑦𝑑2)
. 

Proof: This is similar to proof of Theorem 3.4. 

 

Under Strategy III: When 𝑋̅ is unknown and both 𝑥̅𝑛 and 𝑥̅𝑟 are used. 

 The proposed imputation procedure is as follows: 

  𝑦.𝑖 = {

𝑦𝑖 𝑖 ∈ 𝑅

1

𝑛−𝑟
[𝑛 (𝑦̅𝑟 (

𝑥̅𝑛

𝑥̅𝑟
)
𝑔

+ 𝑏3(𝑥̅𝑛 − 𝑥̅𝑟)) (1 + 𝑙𝑜𝑔 (
𝑥̅𝑟
∗

𝑥̅𝑛
∗)
𝛽

) − 𝑟𝑦̅𝑟] 𝑖 ∈ 𝑅𝑐
              (7)                                                                                                   

            𝑦.𝑖 = {

𝛼3𝑦𝑖 𝑖 ∈ 𝑅

𝛼3

𝑛−𝑟
[𝑛 (𝑦̅𝑟 (

𝑥̅𝑛

𝑥̅𝑟
)
𝑔

+ 𝑏3(𝑥̅𝑛 − 𝑥̅𝑟)) (1 + 𝑙𝑜𝑔 (
𝑥̅𝑟
∗

𝑥̅𝑛
∗)
𝛽

) − 𝑟𝑦̅𝑟] 𝑖 ∈ 𝑅𝑐
              (8)                                                                                             

where 𝑏3 and 𝛼3 are constants which are to be suitably determined. 

 

Theorem 3.9 The point estimators of  under the proposed method of imputation are 

respectively: 

               𝑦̅𝑑3 = [𝑦̅𝑟 (
𝑥̅𝑛

𝑥̅𝑟
)
𝑔

+ 𝑏3(𝑥̅𝑛 − 𝑥̅𝑟)][1 + 𝑙𝑜𝑔 (
𝑥̅𝑟

∗

𝑥̅𝑛
∗)
𝛽

]                                                                                                                                                           

               𝑦̅𝑃3 = 𝛼3[𝑦̅𝑟 (
𝑥̅𝑛

𝑥̅𝑟
)
𝑔

+ 𝑏3(𝑥̅𝑛 − 𝑥̅𝑟)][1 + 𝑙𝑜𝑔 (
𝑥̅𝑟
∗

𝑥̅𝑛
∗)
𝛽

]                                                                                     

where 𝑥̅𝑛
∗ = 𝑝𝑥̅𝑛 + 𝑞, 𝑥̅𝑟

∗  = 𝑝𝑥̅𝑟 + 𝑞, , 𝑔 and 𝛽 are design parameters which may take 

values either -1 or 0 or 1; 𝑏3 and 𝛼3 are constants which are to be suitably determined;  p(≠

0) and q are either known real numbers or the known values of some population parameters 

of auxiliary variable x,  as mentioned earlier. 

Proof: The point estimator of 𝑌 is 

                    𝑦̅𝑡 =
1

𝑛
[∑ 𝑦.𝑖𝑖∈𝑅 + ∑ 𝑦.𝑖]𝑖∈𝑅𝑐                                                            

(9)                                                                                                                                                                                

Putting the values from (7) and (8) in (9), we obtained the proposed classes of estimators of 

.   

 

Theorem 3.10 The biases of proposed estimators  𝑦̅𝑑3 and 𝑦̅𝑃3, up to the terms of 𝑜(𝑛−1), 
are respectively:                                                                                                                                                                                         

𝐵𝑖𝑎𝑠(𝑦̅𝑑3) =  𝑌 (−
1

2
𝛽𝑘2𝜆3𝐶𝑥

2 − 𝑔𝛽𝑘𝜆3𝐶𝑥
2 +

1

2
𝑔(𝑔 + 1)𝜆3𝐶𝑥

2 + (𝛽𝑘 − 𝑔)𝜆3𝜌𝐶𝑦𝐶𝑥) −

                          𝑏3𝑋̅𝛽𝑘𝜆3𝐶𝑥
2  . 

                                                                                                                                     

𝐵𝑖𝑎𝑠(𝑦̅𝑃3)=𝑌 (𝛼3(1 + (−
1

2
𝛽𝑘2 − 𝑔𝛽𝑘 +

1

2
𝑔(𝑔 + 1))𝜆3𝐶𝑥

2 + (𝛽𝑘 − 𝑔)𝜆3𝜌𝐶𝑦𝐶𝑥) −

                      𝛼3𝑏3𝑋̅𝛽𝑘𝜆3𝐶𝑥
2 .                                                                                                                                            

Proof: This is similar to proof of Theorem 3.2. 
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Theorem 3.11 The mean square errors of proposed estimators 𝑦̅𝑑3 and 𝑦̅𝑃3, up to the terms 

of 𝑜(𝑛−1), are respectively: 

𝑀𝑆𝐸(𝑦̅𝑑3)= 𝑌2𝜆1𝐶𝑦
2 + (𝛽2𝑘2 + 𝑔2 − 2𝑔𝛽𝑘)𝑌2𝜆3𝐶𝑥

2 + 2(𝛽𝑘 − 𝑔)𝑌2𝜆3𝜌𝐶𝑦𝐶𝑥 +

                        2𝑏3(𝑔 − 𝛽𝑘)𝑋̅𝑌𝜆3𝐶𝑥
2 + 𝑏3

2𝑋̅2𝜆3𝐶𝑥
2 − 2𝑏3𝑋̅𝑌𝜆3𝜌𝐶𝑦𝐶𝑥  .                                                                                                                                    

 

MSE(𝑦̅𝑃3)=𝛼3
2[𝑌2 + 𝑌2𝜆1𝐶𝑦

2 + (𝛽2𝑘2 + 𝑔2 − 𝛽𝑘2 − 4𝑔𝛽𝑘 + 𝑔(𝑔 + 1))𝑌2𝜆3𝐶𝑥
2+4(𝛽𝑘 −

                      𝑔)𝑌2𝜆3𝜌𝐶𝑦𝐶𝑥 + 𝑏3
2𝑋̅2𝜆3𝐶𝑥

2 + 2𝑏3(𝑔 − 2𝛽𝑘)𝑋̅𝑌𝜆3𝐶𝑥
2 −

                      2𝑏3𝑋̅𝑌𝜆3𝜌𝐶𝑦𝐶𝑥]+𝛼3[−2𝑌
2 + (𝛽𝑘2 + 2𝑔𝛽𝑘 − 𝑔(𝑔 + 1))𝑌2𝜆3𝐶𝑥

2 −

                      2(𝛽𝑘 − 𝑔)𝑌2𝜆3𝜌𝐶𝑦𝐶𝑥+2𝑏3𝛽𝑘𝑋̅𝑌𝜆3𝐶𝑥
2]+ 𝑌2.                                                                                                        

Proof: This is similar to proof of Theorem 3.3. 

 

Theorem 3.12 The minimum mean square errors of proposed estimators 𝑦̅𝑑3 and 𝑦̅𝑃3 w.r.t. 

𝑏3 and 𝛼3,  up to the terms of 𝑜(𝑛−1), are respectively: 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑3) = 𝑌
2[𝜆3(1 − 𝜌

2) 𝐶𝑦
2  + 𝜆2𝐶𝑦

2] 

                                                                                                                                                                                                                                                                         

           𝑀𝑆𝐸min(𝑦̅𝑃3) =
𝑌2𝑀𝑆𝐸min(𝑦𝑑3)−𝑌

2(𝐵𝑖𝑎𝑠(𝑦𝑑3))
2

𝑌2+𝑀𝑆𝐸min(𝑦𝑑3)+2𝑌𝐵𝑖𝑎𝑠(𝑦𝑑3)
   .                                                                                           

 

Proof: This is similar to proof of Theorem 3.4. 

 

Remark 3.1: If the population parameters are not known, then we can replace them by their 

consistent estimators in the optimum values of constants 𝑏𝑖 (𝑖 = 1,2,3) and 𝛼𝑖  (𝑖 = 1,2,3),  
based on the same sample observations. The mean square errors of the estimators so obtained 

will remain the same up to the terms of order 𝑛−1 [see Srivastava and Jhajj (1983)]. 

 

Remark 3.2:  As shown in the following table, for particular values of g, 𝛽, 𝛼, 𝑏𝑖  (𝑖 =

1,2,3) and k, we can see that the proposed classes of estimators 𝑦̅𝑃𝑖 (i=1,2,3) reduces to 

some of the existing imputed estimators. 
 

Table 2. Various members of the proposed classes of imputed estimators 

Values of g Values of  𝜷 Values of  

𝜶 

Values of 

𝒃𝒊  (𝒊 = 𝟏, 𝟐, 𝟑) 
Values of  

k 

Existing 

Estimators 

0 0 1 0 1 Mean per unit 

estimator 

1 0 1 0 1 Ratio estimator 

-1 0 1 0 1 Product 

estimator 

0 0 1 b 1 Diana & Perri 

(2010)’s estimator 

 
Remark 3.3:  As we know that bias has negligible effect on the accuracy of an estimator when the bias is 

less than one tenth of the Standard Deviation (SD) of an estimator so we can be confident that the ratio 

Bias/SD will not exceed 0.1 if the sample size is large enough. Keeping in view this fact, we shall consider 

only mean square errors of various estimators and not their biases in the comparative study to be taken up 
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in the next section (see pp. 14–15 of Cochran (1977)). 

4. Relative Performances of Proposed Estimators 
In this section, we present a comparative analysis of the MSEs of the proposed classes of estimators 

of 𝑌 with that of the several existing estimators. The detailed results of this analysis are presented 

below. 

4.1 Under Strategy I: Comparison of minimum MSEs of proposed classes  𝒚̅𝒅𝟏 
and 𝒚̅𝑷𝟏 with that of existing estimators 

    Here, we have compared mean square errors of 𝑦̅𝑑1 and 𝑦̅𝑃1 with that of existing estimators namely 

𝑦̅(1), 𝑦̅(21), 𝑦̅(31), 𝑦̅(41), 𝑦̅(51), 𝑦̅(61), 𝑦̅(71), 𝑦̅(81). Taking the following: 

     Var(𝑦̅(1)) −𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑1)= 𝜆1𝜌
2𝑌2𝐶𝑦

2 > 0, always.                                                                                               

MSE(𝑦̅(21)) −  𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑1)= 𝜆1𝑌
2(𝜌𝐶𝑦 − 𝐶𝑥)

2
> 0, always.                                                                                                                                                                                       

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑1)= MSE(𝑦̅(31))=𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(41))=𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(61))                                                                                                 

MSE(𝑦̅(51)) −𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑1)=𝜆1 𝑌2𝐶𝑥
2 > 0, always.                                                                                                      

MSE(𝑦̅(71)) −𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑1)= 𝜆1𝑌
2 (

𝐶𝑥

2
− 𝜌𝐶𝑦)

2

> 0, always.                                                                                       

 MSE(𝑦̅(81)) −𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑1)= 𝜆1𝑌
2 (𝜌𝐶𝑦 −

𝜃𝑗𝐶𝑥

2
)
2

> 0, always.                                                                                 

 

Further note that, 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑1) − M𝑆𝐸min(𝑦̅𝑃1) = 𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑1) −
𝑌2𝑀𝑆𝐸min(𝑦̅𝑑1) − 𝑌

2(𝐵𝑖𝑎𝑠(𝑦̅𝑑1))
2

𝑌2 +𝑀𝑆𝐸min(𝑦̅𝑑1) + 2𝑌𝐵𝑖𝑎𝑠(𝑦̅𝑑1)
 

                                     = (
(𝑀𝑆𝐸𝑚𝑖𝑛(𝑦𝑑1)+𝑌𝐵𝑖𝑎𝑠(𝑦𝑑1))

2

𝑌2+𝑀𝑆𝐸min(𝑦𝑑1)+2𝑌𝐵𝑖𝑎𝑠(𝑦𝑑1)
) > 0, provided that   𝐵𝑖𝑎𝑠(𝑦̅𝑑1) > 0.                     

(10)    

Thus when 𝐵𝑖𝑎𝑠(𝑦̅𝑑1) > 0 then using result (10), we have 

   Var(𝑦̅(1))  − M𝑆𝐸min(𝑦̅𝑃1)  > 0, always.                                                                                                                   

MSE(𝑦̅(𝑙1)) −M𝑆𝐸min(𝑦̅𝑃1)   > 0,  always, where 𝑙 = 2,3,4,5,6,7,8.    

 

4.2 Under strategy II: Comparison of minimum MSEs of proposed classes  𝒚̅𝒅𝟐 
and 𝒚̅𝑷𝟐 with that of existing estimators                                                                          

We have compared the MSEs of the estimators 𝑦̅𝑑2 and 𝑦̅𝑃2 with that of the existing estimators 

namely  𝑦̅(1), 𝑦̅(22), 𝑦̅(32), 𝑦̅(42), 𝑦̅(52), 𝑦̅(62), 𝑦̅(72), 𝑦̅(82). Taking the following: 

Var(𝑦̅(1)) −𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑2)= 𝜆2𝜌
2𝑌2𝐶𝑦

2 > 0, always.                                                                                                       

MSE(𝑦̅(22)) −𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑2)= 𝜆2𝑌
2(𝜌𝐶𝑦 − 𝐶𝑥)

2
> 0, always.                                                                                                                                                                                          

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑2)= 𝑀𝑆𝐸(𝑦̅(32))=𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(42))=𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(62))     .                                                                                               

MSE(𝑦̅(52)) −𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑2)= 𝜆2𝑌
2𝐶𝑥

2 > 0, always.                                                                                                        

MSE(𝑦̅(72)) −𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑2)= 𝜆2𝑌
2 (

𝐶𝑥

2
− 𝜌𝐶𝑦)

2

> 0, always.                                                                                        

MSE(𝑦̅(82)) −𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑2)= 𝜆2𝑌
2 (𝜌𝐶𝑦 −

𝜃𝑗𝐶𝑥

2
)
2

> 0, always.                                                                                      

 

Further note that, 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑2) − M𝑆𝐸min(𝑦̅𝑃2) =𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑2) −
𝑌2𝑀𝑆𝐸min(𝑦𝑑2)−𝑌

2(𝐵𝑖𝑎𝑠(𝑦𝑑2))
2

𝑌2+𝑀𝑆𝐸min(𝑦𝑑2)+2𝑌𝐵𝑖𝑎𝑠(𝑦𝑑2)
   

                  = (
(𝑀𝑆𝐸𝑚𝑖𝑛(𝑦𝑑2)+𝑌𝐵𝑖𝑎𝑠(𝑦𝑑2))

2

𝑌2+𝑀𝑆𝐸min(𝑦𝑑2)+2𝑌𝐵𝑖𝑎𝑠(𝑦𝑑2)
) > 0, provided that   𝐵𝑖𝑎𝑠(𝑦̅𝑑2) > 0.                     (11)                   

Thus when 𝐵𝑖𝑎𝑠(𝑦̅𝑑2) > 0 then using result (11), we have 

   Var(𝑦̅(1)) − M𝑆𝐸min(𝑦̅𝑃2)   > 0, always                                                                                                                                           
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MSE(𝑦̅(𝑙2)) −M𝑆𝐸min(𝑦̅𝑃2)   > 0, always, where 𝑙 = 2,3,4,5,6,7,8.  

                                                                      

4.3 Under strategy III: Comparison of minimum MSEs of proposed classes  𝒚̅𝒅𝟐 
and 𝒚̅𝑷𝟐 with that of existing estimators 

     Here, we have compared MSEs of 𝑦̅𝑑3 and 𝑦̅𝑃3 with that of existing estimators namely  𝑦̅(1), 

𝑦̅(23), 𝑦̅(33), 𝑦̅(43), 𝑦̅(53), 𝑦̅(73). Taking the following: 

Var(𝑦̅(1)) −𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑3) = 𝜆3𝜌
2𝑌2𝐶𝑦

2 > 0, always.                                                                                                      

MSE(𝑦̅(23)) −𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑3) = 𝜆3𝑌
2(𝜌𝐶𝑦 − 𝐶𝑥)

2
> 0, always.                                                                                                                                                                                         

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑3)= 𝑀𝑆𝐸(𝑦̅(33))=𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅(43))  .                                                                                                                              

MSE(𝑦̅(53)) −𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑3) =  𝜆3𝑌
2𝐶𝑥

2 > 0,   always.                                                                                                  

MSE(𝑦̅(73)) −𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑3) = 𝑌
2[𝜆3(𝜌

2𝐶𝑦
2 + 𝜌𝐶𝑦𝐶𝑥) + 𝜆1𝐶𝑥

2] > 0, always.                                                                                                                                                                

  

Further note that, 

𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑3) −M𝑆𝐸min(𝑦̅𝑃3) = 𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑3) −
𝑌2𝑀𝑆𝐸min(𝑦𝑑3)+(𝐵𝑖𝑎𝑠(𝑦𝑑3))

2

𝑌2+𝑀𝑆𝐸min(𝑦𝑑3)+2𝑌𝐵𝑖𝑎𝑠(𝑦𝑑3)
   

                          = (
(𝑀𝑆𝐸𝑚𝑖𝑛(𝑦𝑑3)+𝑌𝐵𝑖𝑎𝑠(𝑦𝑑3)

2

𝑌2+𝑀𝑆𝐸min(𝑦𝑑3)+2𝑌𝐵𝑖𝑎𝑠(𝑦𝑑3)
) > 0, provided that   𝐵𝑖𝑎𝑠(𝑦̅𝑑3) > 0.         (12)                   

Thus when 𝐵𝑖𝑎𝑠(𝑦̅𝑑3) > 0 then using result (12), we have 

Var(𝑦̅(1)) −M𝑆𝐸min(𝑦̅𝑃3)  > 0,  always                                                                                                                        

MSE(𝑦̅(𝑙3)) −M𝑆𝐸min(𝑦̅𝑃3)   > 0,  always, where 𝑙 = 2,3,4,5,7.                                                                                  

      From the above theoretical results, we can see that the proposed classes of estimators 𝑦̅𝑃𝑖  (i=1, 2, 

3) have mostly lesser mean square error than that of the existing estimators, considered in this paper. 

 

5 Relative Performances of Proposed Estimators 
To support the theoretical results obtained in the previous section, we have considered four real life data 

sets and three hypothetical data sets.  

5.1 Empirical Study 

        The four real life data sets have been taken into consideration for the practical applications of proposed 

classes of estimators. The descriptions of these four populations are given in Table 3. The performances of 

existing and proposed imputation techniques are compared on the basis of their Percent Relative Efficiencies 

(PRE). The PRE of an estimator 𝑦̅𝑚 w.r.t.  𝑦̅1 is defined as: 

                  𝑃𝑅𝐸(𝑦̅𝑚) =  
𝑉𝑎𝑟(𝑦̅1)

𝑀𝑆𝐸(𝑦̅𝑚) 
 × 100  or  𝑃𝑅𝐸(𝑦̅𝑚) =  

𝑉𝑎𝑟(𝑦̅1)

 𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑚)
 × 100 

To investigate the sensitivity and robustness of the proposed estimators, we have taken multiple 

combinations of the parameters p and q. Just to get an idea, we have considered the following values of 

(𝑝, 𝑞): (1, 𝛽2(𝑥)), (1, 𝜌), (1, 𝐶𝑥), (𝐶𝑥, 𝜌), (𝐶𝑥, 𝛽2(𝑥)) and  ( 𝛽2(𝑥), 𝜌 ).  Obviously, we have got different 

values of  𝑘 =
𝑝𝑋̅

𝑝𝑋̅+𝑞
.  This comprehensive evaluation enables a better understanding of how variations in p 

and q jointly influence the efficiency behavior of the estimators. 

       The tables 4 - 6 give the values of MSEs and PREs of various estimators under the three considered 

imputation Strategies I, II and III respectively. Just to have a bird eye view, we have made a bar chart in 
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Figure 1, which represents PREs of various considered estimators in population 2. 

 

Table 3. Data description of real population data sets 
 

Population 

Parameters 

Population 1 

{Source: Kadilar and 

Cingi (2006)} 

Population 2 

{Source: 

Cochran 

(1977)} 

Population 3 

{Source: Murthy 

(1967)} 

Population 4 

{Source: Kadilar 

and Cingi (2006)} 

N 106 10 80 104 

n 20 5 25 20 

r 18 4 20 17 

𝑌̅ 15.37 56.9 5182.638 6.254 

𝑋̅ 243.76 54.2961 285.125 13931.683 

𝛽2(𝑥) 25.71 2.5932 3.5360 17.516 

𝐶𝑦 4.1802 0.1840 0.3542 1.866 

𝐶𝑥 2.0179 0.1621 0.9485 1.653 

𝜌 0.82 0.9237 0.9140 0.865 

 

 

Table 4. PREs of the existing and proposed imputation techniques under Strategy I 

 
Estimators Population 1 Population 2 Population 3 Population 4 

MSE PRE MSE PRE MSE PRE MSE PRE 

𝑦̅(1) 190.3908 100 16.4418 100 126365.9688 100 6.7015 100 

𝑦̅(21) 84.1723 226.5766 2.4433 672.9318 41395.9136 305.2619 1.6901 396.4952 

𝑦̅(31) 62.4781 304.7320 2.4133 681.2995 20800.3439 607.5186 1.6872 397.1800 

𝑦̅(41) 62.4781 304.7320 2.4133 681.2995 20800.3439 607.5186 1.6872 397.1800 

𝑦̅(51) 106.9194 178.3723 15.1742 108.3539 92696.1877 136.3227 5.9462 112.7022 

𝑦̅(61) 62.4781 304.7320 2.4133 681.2995 20800.3439 607.5186 1.6872 397.1800 

𝑦̅(71) 126.3332 150.9617 6.2523 262.9703 43617.9802 289.7107 2.8811 232.6006 

𝑦̅(81) 131.5165 145.0121 6.5780 249.9506 41890.5522 301.6574 2.8842 232.3467 

𝒚̅𝑷𝟏(𝟏) 

 (𝒑 = 𝟏, 𝒒 = 𝜷𝟐(𝒙)) 
 

58.2856 326.6515 2.3369 703.5619 10561.1244 1196.5200 0.2375 2821.4719 

𝒚̅𝑷𝟏(𝟐) 

(𝒑 = 𝟏, 𝒒 = 𝝆) 
 

54.3625 350.2245 2.0456 803.7641 10534.4589 1199.5487 0.1982 3381.1806 

               𝒚̅𝑷𝟏(𝟑) 

(𝒑 = 𝟏, 𝒒 = 𝑪𝒙) 
 

59.6325 319.2735 2.1963 748.6135 10600.9632 1192.0234 0.3256 2058.2002 

𝒚̅𝑷𝟏(𝟒) 

(𝒑 = 𝑪𝒙, 𝒒 = 𝝆) 
 

55.1556 345.1885 2.1023 782.0862 10563.2365 1196.2807 0.3452 1941.3383 

𝒚̅𝑷𝟏(𝟓) 

(𝒑 = 𝑪𝒙, 𝒒 = 𝜷𝟐(𝒙)) 

 

50.2635 378.7854 1.9563 840.4539 10494.7456 1204.0874 0.1352 4956.7307 

𝒚̅𝑷𝟏(𝟔) 

(𝒑 = 𝜷𝟐(𝒙), 𝒒 = 𝝆) 

53.2658 357.4353 2.0004 821.9256 10507.9563 1202.5741 0.1854 3614.6170 
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Table 5.  PREs of the existing and proposed imputation techniques under Strategy II 

 
Estimators Population 1 Population 2 Population 3 Population 4 

MSE PRE MSE PRE MSE PRE MSE PRE 

𝑦̅(1) 190.3908 100 16.4418 100 126365.9688 100 6.7015 100 

𝑦̅(22) 96.8411 196.6011 7.1095 231.266 53726.0616 235.2042 2.5887 258.8686 

𝑦̅(32) 70.2795 270.9052 6.285 261.6024 43404.4188 291.1361 2.2838 293.4327 

𝑦̅(42) 70.2795 270.9052 6.285 261.6024 43404.4188 291.1361 2.2838 293.4327 

𝑦̅(52) 116.8145 162.9856 15.5967 105.4184 71347.7960 177.1126 5.9023 113.5404 

𝑦̅(62) 70.2795 270.9052 6.285 261.6024 43404.4188 291.1361 2.2838 293.4327 

𝑦̅(72) 133.8605 142.2307 9.6488 170.4020 65684.1105 192.3844 3.5661 187.9196 

𝑦̅(82) 138.4121 137.5536 9.8659 166.6520 64417.3299 196.1676 3.5687 187.7835 

𝒚̅𝑷𝟐(𝟏) 

 (𝒑 = 𝟏, 𝒒 = 𝜷𝟐(𝒙)) 

 

70.1269 271.4944 6.2747 262.0307 34057.1998 371.0403 1.7057 392.8879 

𝒚̅𝑷𝟐(𝟐) 

(𝒑 = 𝟏, 𝒒 = 𝝆) 
 

68.3214 278.6693 6.1523 267.2463 32056.3262 394.1997 1.5632 428.7039 

               𝒚̅𝑷𝟐(𝟑) 

(𝒑 = 𝟏, 𝒒 = 𝑪𝒙) 
 

69.3201 274.0907 5.9215 277.6627 36123.7852 349.8137 2.0145 332.6631 

𝒚̅𝑷𝟐(𝟒) 

(𝒑 = 𝑪𝒙, 𝒒 = 𝝆) 
 

65.2145 291.9455 5.9652 275.6286 31256.7896 404.2832 1.4562 460.2046 

𝒚̅𝑷𝟐(𝟓) 

(𝒑 = 𝑪𝒙, 𝒒 = 𝜷𝟐(𝒙)) 

 

60.1456 316.9458 5.4269 302.9685 30102.4556 419.7862 1.0025 668.4788 

𝒚̅𝑷𝟐(𝟔) 

(𝒑 = 𝜷𝟐(𝒙), 𝒒 = 𝝆) 

63.5639 299.5266 5.7896 283.9885 31052.8796 406.9380 1.2651 529.7209 

 
 

Table 6. PREs of the existing and proposed imputation techniques under Strategy III 
Estimators Population 1 Population 2 Population 3 Population 4 

MSE PRE MSE PRE MSE PRE MSE PRE 

𝑦̅(1) 190.3908 100 16.4418 100 126365.9688 100 6.7015 100 

𝑦̅(23) 177.5791 107.2146 11.7756 139.6255 105652.8208 119.6049 5.8029 115.4849 

𝑦̅(33) 174.9704 108.8131 11.7656 139.7442 98215.1355 128.6624 5.8024 115.4953 

𝑦̅(43) 174.9704 108.8131 11.7656 139.7442 98215.1355 128.6624 5.8024 115.4953 

𝑦̅(53) 180.3145 105.5882 16.0193 102.6377 99859.3605 126.5439 6.1256 109.4015 

𝑦̅(73) 182.6490 104.2386 13.0453 126.0360 104299.8385 121.1564 6.0165 111.3859 

𝒚̅𝑷𝟑(𝟏) 

 (𝒑 = 𝟏, 𝒒 = 𝜷𝟐(𝒙)) 
 

136.7851 139.1897 11.2656 145.9469 90852.4323 139.0892 5.7929 115.6851 

𝒚̅𝑷𝟑(𝟐) 

(𝒑 = 𝟏, 𝒒 = 𝝆) 
 

132.5695 143.6158 10.2647 160.1780 88256.4789 143.1803 5.3215 125.9325 

               𝒚̅𝑷𝟑(𝟑) 

(𝒑 = 𝟏, 𝒒 = 𝑪𝒙) 
 

139.5412 136.4405 11.6489 141.1446 92546.8523 136.5426 5.5125 121.5691 

𝒚̅𝑷𝟑(𝟒) 

(𝒑 = 𝑪𝒙, 𝒒 = 𝝆) 
 

125.0321 152.2735 10.0025 164.3769 87659.4781 144.1555 5.0785 131.9582 

𝒚̅𝑷𝟑(𝟓) 

(𝒑 = 𝑪𝒙, 𝒒 = 𝜷𝟐(𝒙)) 

 

121.6547 156.5000 9.1256 180.1722 85741.6632 147.3798 4.9236 136.9097 

𝒚̅𝑷𝟑(𝟔) 

(𝒑 = 𝜷𝟐(𝒙), 𝒒 = 𝝆) 

130.2566 146.1659 10.7856 152.4421 90045.5548 140.3355 5.2145 128.5166 
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                      𝑦̅(21)          𝑦̅(31)         𝑦̅(41)         𝑦̅(51)        𝑦̅(61)          𝑦̅(71)         𝑦̅(81)           𝒚̅𝑷𝟏(𝟏)    𝒚̅𝑷𝟏(𝟐)     𝒚̅𝑷𝟏(𝟑)          𝒚̅𝑷𝟏(𝟒)        𝒚̅𝑷𝟏(𝟓)      𝒚̅𝑷𝟏(𝟔) 

Figure 1. Population 2 (Real Data Set (Strategy I)). 

 

5.2. Simulation Study 

In order to obtain the actual picture of the performances of the proposed classes of estimators, we have 

generated artificial data sets, using R language.  Through this software, we have generated three artificial 

data sets by using bivariate normal population. The study variable y is generated as y= 𝜌2𝑥 + 𝑒,  where  

𝑒~𝑁(0,1).  

The parameters for these three bivariate normal populations are: 

 

For Population 5: 

𝑌̅ = 756.2626,          𝑋̅ = 1181.6,                 𝑆𝑦 = 1117.4536,          𝑆 𝑥 = 1746.0503,              𝜌 = 0.8 

For Population 6: 

𝑌̅ = 425.4131,         𝑋̅ = 1181.6,                 𝑆𝑦 = 628.5903,               𝑆 𝑥 = 1746.0503,              𝜌 = 0.6 

For Population 7: 

𝑌̅ = 1202.943,         𝑋̅ = 1485,                     𝑆𝑦 = 1147.891,            𝑆 𝑥 = 1417.161,                  𝜌 = 0.9 

 

The algorithm for our used simulation process is as follows: 

(i) A Simple Random Sample Without Replacement (SRSWOR) of size n = 80 is drawn from a population 

of size N = 600. 

(ii) From this selected sample S,  n−r sample units (with r = 35) are deleted for the observation of the study 

variable y only. 

(iii) For these deleted units, the missing values of the variable y are replaced by the corresponding imputed 

values according to the specified imputation strategies. 

(iv) The above procedure is repeated 20000 times and obtained the value of estimator 𝑡̂ of 𝑌̅ as 

𝑡̂1, 𝑡̂2, … . , 𝑡̂20000  
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(v) The mean square of error of  𝑡̂  is obtained by using the following formula: 

                                                         𝑀𝑆𝐸(𝑡̂) =
1

20000
∑ (𝑡̂𝑖 − 𝑌̅)

220000
𝑖=1  

(vi) Finally, to assess the comparative performance of different estimators, we have calculated the PREs of 

the various estimators with respect to simple mean estimator 𝑦̅(1) by using the following expression: 

                  𝑃𝑅𝐸(𝑡̂) =  
𝑉𝑎𝑟(𝑦̅(1))

𝑀𝑆𝐸(𝑡̂)
 × 100 

For all artificial populations, the MSEs and PREs of various estimators under the three considered strategies 

are given in Tables 7 - 9. Further, to provide a clearer and more comprehensive comparison of the 

performance of all the proposed strategies, the PREs of various estimators for Population 7 have been 

illustrated diagrammatically (bar chart). This visual representation helps in identifying the trends in relative 

efficiencies of different estimators more effectively (see Figure 2). 

 

Table 7. PREs of the existing and proposed imputation techniques under Strategy I 

Estimators Population 5 Population 6 Population 7 

MSE PRE MSE PRE MSE PRE 

𝑦̅(1) 33600.2178 100 10631.1942 100 35451.1603 100 

𝑦̅(21) 13440.8911 249.9850 8505.8217 124.9872 7090.3609 499.9909 

𝑦̅(31) 12096.0784 277.7777 6803.9642 156.25 6735.7204 526.3157 

𝑦̅(41) 12096.0784 277.7777 6803.9642 156.25 6735.7204 526.3157 

𝑦̅(51) 15700.3158 214.0098 7437.3242 142.9438 7088.1693 500.1455 

𝑦̅(61) 12096.0784 277.7777 6803.9642 156.25 6735.7204 526.3157 

𝑦̅(71) 15119.4951 222.2311 6910.1679 153.8485 12407.6484 285.7202 

𝑦̅(81) 15132.0987 222.0459 6911.4995 153.8189 12416.7578 285.5106 

𝒚̅𝑷𝟏(𝟏) 

 (𝒑 = 𝟏, 𝒒 = 𝜷𝟐(𝒙)) 
 

10104.0682 332.5414 6660.8090 159.6081 5381.6642 658.7397 

𝒚̅𝑷𝟏(𝟐) 

(𝒑 = 𝟏, 𝒒 = 𝝆) 
 

10000.2145 335.9949 6561.0123 162.0345 5263.7485 673.4964 

               𝒚̅𝑷𝟏(𝟑) 

(𝒑 = 𝟏, 𝒒 = 𝑪𝒙) 
 

11041.6587 304.3040 6789.9563 156.5723 5564.9856 637.0359 

𝒚̅𝑷𝟏(𝟒) 

(𝒑 = 𝑪𝒙, 𝒒 = 𝝆) 
 

9985.5563 336.4881 6452.7456 164.7545 5142.6854 689.3511 

𝒚̅𝑷𝟏(𝟓) 

(𝒑 = 𝑪𝒙, 𝒒 = 𝜷𝟐(𝒙)) 

 

9532.2236 352.4908 6152.4789 172.7952 5005.2415 708.2807 

𝒚̅𝑷𝟏(𝟔) 

(𝒑 = 𝜷𝟐(𝒙), 𝒒 = 𝝆) 
10523.2856 319.2939 6785.0756 156.6849 

 

5287.4521 670.4711 
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Table 8. PREs of the existing and proposed imputation techniques under Strategy II 

Estimators Population 5 Population 6 Population 7 

MSE PRE MSE PRE MSE PRE 

𝑦̅(1) 33600.2178 100 10631.1942 100 35451.1603 100 

𝑦̅(22) 25482.9668 131.8536 9775.4026 108.7545 24031.5464 147.5192 

𝑦̅(32) 24941.4714 134.7162 9090.1414 116.9530 23888.7487 148.4010 

𝑦̅(42) 24941.4714 134.7162 9090.1414 116.9530 23888.7487 148.4010 

𝑦̅(52) 25072.3812 134.0128 9371.7156 113.4391 25163.8498 140.8813 

𝑦̅(62) 24941.4714 134.7162 90901414 116.9530 23888.7487 148.4010 

𝑦̅(72) 26158.8649 128.4467 9132.9048 116.4053 26172.5781 135.4515 

𝑦̅(82) 26163.9398 128.4218 9133.4410 116.3985 26176.2460 135.4325 

𝒚̅𝑷𝟐(𝟏) 

(𝒑 = 𝟏, 𝒒 = 𝜷𝟐(𝒙)) 
 

24843.9297 135.2451 8983.1508 118.3459 23877.9486 148.4681 

𝒚̅𝑷𝟐(𝟐) 

(𝒑 = 𝟏, 𝒒 = 𝝆) 
 

23659.6654 142.0147 8856.4456 120.0390 22856.4823 155.1033 

               𝒚̅𝑷𝟐(𝟑) 

(𝒑 = 𝟏, 𝒒 = 𝑪𝒙) 
 

23489.3145 143.0446 9074.4789 117.5148 22456.3302 157.8671 

𝒚̅𝑷𝟐(𝟒) 

(𝒑 = 𝑪𝒙, 𝒒 = 𝝆) 
 

22458.1256 149.6127 8693.1402 122.2940 22854.2245 155.1186 

𝒚̅𝑷𝟐(𝟓) 

(𝒑 = 𝑪𝒙, 𝒒 = 𝜷𝟐(𝒙)) 

 

20456.0021 164.2560 8564.6301 124.1290 20652.4412 171.6560 

𝒚̅𝑷𝟐(𝟔) 

(𝒑 = 𝜷𝟐(𝒙), 𝒒 = 𝝆) 
23785.9456 141.2608 8765.6513 121.2824 23674.3326 149.7451 

 

Table 9. PREs of the existing and proposed imputation techniques under Strategy III 

Estimators Population 5 Population 6 Population 7 

MSE PRE MSE PRE MSE PRE 

𝑦̅(1) 33600.2178 100 10631.1942 100 35451.1603 100 

𝑦̅(23) 21558.1421 155.8585 9361.6133 113.5651 18509.9748 191.5246 

𝑦̅(33) 20754.8248 161.8911 8345.0170 127.3957 18298.1321 193.7419 

𝑦̅(43) 20754.8248 161.8911 8345.0170 127.3957 18298.1321 193.7419 

𝑦̅(53) 23828.1525 141.0105 8496.8028 125.1199 19475.4799 182.0297 

𝑦̅(73) 22560.8481 148.9315 8408.4573 126.4345 21686.2306 163.4731 

𝒚̅𝑷𝟑(𝟏) 

 (𝒑 = 𝟏, 𝒒 = 𝜷𝟐(𝒙)) 
20703.5650 162.2919 8334.1242 127.5622 18207.1791 194.7097 

𝒚̅𝑷𝟑(𝟐) 

(𝒑 = 𝟏, 𝒒 = 𝝆) 
19456.3012 172.6958 8254.9920 128.7850 17526.6214 202.2073 

               𝒚̅𝑷𝟑(𝟑) 

(𝒑 = 𝟏, 𝒒 = 𝑪𝒙) 
20654.8410 
 

162.6747 8174.0301 130.0606 17745.9712 199.7701 

𝒚̅𝑷𝟑(𝟒) 

(𝒑 = 𝑪𝒙, 𝒒 = 𝝆) 
20001.3201 167.9900 8024.5412 132.4835 17563.1596 201.8495 

𝒚̅𝑷𝟑(𝟓) 

(𝒑 = 𝑪𝒙, 𝒒 = 𝜷𝟐(𝒙)) 
18742.9510 179.2685 7865.5203 135.1619 16632.7530 213.1406 

𝒚̅𝑷𝟑(𝟔) 

(𝒑 = 𝜷𝟐(𝒙), 𝒒 = 𝝆) 
19803.1402 169.6711 8162.4123 130.2457 17453.8523 203.1136 
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                     𝑦̅(2𝑖)          𝑦̅(3𝑖)         𝑦̅(4𝑖)      𝑦̅(5𝑖)       𝑦̅(6𝑖)          𝑦̅(7𝑖)       𝑦̅(8𝑖)        𝒚̅𝑷𝒊(𝟏)      𝒚̅𝑷𝒊(𝟐)       𝒚̅𝑷𝒊(𝟑)     𝒚̅𝑷𝒊(𝟒)     𝒚̅𝑷𝒊(𝟓)       𝒚̅𝑷𝒊(𝟔) 

Figure 2. Population 7 (All strategies). 

 

6. Results and Discussions 

From the previous section, we observe the following facts. 

 (I) Tables 4 and 7 reveal that the estimators 𝑦̅(31), 𝑦̅(41)and 𝑦̅(61) exhibit identical efficiency levels, 

indicating their comparable performance. Furthermore, these estimators are found to be considerably more 

efficient than 𝑦̅(21), 𝑦̅(51), 𝑦̅(71), and 𝑦̅(81) under the same strategy. Among all the considered estimators, the 

various members of proposed class 𝑦̅𝑃1(𝑖) demonstrates the highest PRE. This fact confirms the superior 

performance of strategy I over all the existing estimators. 

     

    (II) The findings from Tables 5 and 8, corresponding to Strategy II, show that the estimators 

𝑦̅(32), 𝑦̅(42) and 𝑦̅(62) are equally efficient and these estimators outperform 𝑦̅(22), 𝑦̅(52), 𝑦̅(72) and 𝑦̅(82). All 

the members of proposed class 𝑦̅𝑃2(𝑖) attains the highest PRE among all the considered estimators when the 

Imputation strategy II is applied, highlighting the effectiveness of the proposed approach in this setting. 

    

    (III) Under Strategy III, as shown in Tables 6 and 9, the estimators 𝑦̅(33) and  𝑦̅(43)  are observed to have 

identical efficiencies. These both surpass than  𝑦̅(23), 𝑦̅(53) and 𝑦̅(73) in terms of PRE. It is noteworthy that 

when the population mean of the auxiliary variable is not known, the various members of the proposed class 

𝑦̅𝑃3(𝑖) achieves the maximum PRE among all the existing considered estimators under imputation strategy 

III. This fact confirms its practical utility in these situations. 

 

(IV) A comparative analysis across all three proposed classes reveals that the proposed class 𝑦̅𝑃1 consistently 

yields the highest PRE, indicating its robustness and superior performance across the different strategies. 

 

(V) From all the tables 4 - 9, it is consistently observed that the PREs of the proposed estimators attain their 

maximum values when the parameters p and q are taken as 𝑝 = 𝐶𝑥, 𝑞 = 𝛽2(𝑥). This demonstrates that the 

chosen combination of parameters (p, q) plays a crucial role in enhancing estimator’s performance and 

achieving optimal efficiency. 
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7. Conclusion 

The present study introduces and evaluates several new classes of estimators of 𝑌̅ designed to address 

the problem of missing data through improved imputation strategies. The numerical results, supported by 

the Percent Relative Efficiencies (PREs) presented in Tables 4 - 9, clearly demonstrate that the proposed 

estimators outperform the existing ones under all the three strategies. Among them, the proposed class 𝑦̅𝑃1 

emerges as the most efficient across varying conditions, as compared to proposed classes 𝑦̅𝑃2   and 𝑦̅𝑃3. A 

key finding of this study is that the efficiency of the proposed estimators reaches its peak when the value of 

parameter (p, q) is (𝐶𝑥, 𝛽2(𝑥)). It indicates that the suitable choices of known auxiliary information as values 

of (p, q) can significantly enhance estimation accuracy. From a practical perspective, these estimators can 

be effectively employed in survey sampling and other real-life data collection processes where non-response 

or missing values are inevitable. By leveraging available auxiliary information, the proposed methods offer 

a reliable, computationally simple, and more efficient alternative to traditional imputation and estimation 

techniques. Hence, the proposed estimators hold strong potential for application in national surveys, 

socioeconomic studies, and agricultural or industrial research where data incompleteness often affects the 

reliability of population estimates. 
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Appendix A 

 

Proofs of Theorems 3.2-3.4.  

Taking 

 𝑦̅𝑑1 = [𝑦̅𝑟 (
𝑋̅

𝑥̅𝑟
)
𝑔

+ 𝑏1(𝑋̅ − 𝑥̅𝑟)] [1 + 𝑙𝑜𝑔 (
𝑥̅𝑟
∗

𝑋̅∗
)
𝛽

]. 

By using the notations as given in Section 2, 𝑦̅𝑑1 can be rewritten in terms of 𝜖  and 𝛿, as follows: 

𝑦̅𝑑1 = [(1 + 𝜖)(1 + 𝛿)−𝑔𝑌̅ + 𝑏1(𝑋̅ − (1 + 𝛿)𝑋̅)][1 + 𝛽log (1 + 𝑘𝛿)] 

⇒ 𝑦̅𝑑1 = 𝑌̅ [1 + 𝛽𝑘𝛿 −
𝛽𝑘2𝛿2

2
− 𝑔𝛽𝑘𝛿2 +

𝑔(𝑔+1)

2
𝛿2 − 𝑔𝛿 + 𝜀 + 𝛽𝑘𝜀𝛿 − 𝑔𝜀𝛿] − 𝑏1𝑋̅(𝛿 + 𝛽𝑘𝛿

2)                                                (13) 

Subtracting  𝑌̅ from both sides of equation (13), we get  

𝑦̅𝑑1 − 𝑌̅ = 𝑌̅ [𝛽𝑘𝛿 −
𝛽𝑘2𝛿2

2
− 𝑔𝛽𝑘𝛿2 +

𝑔(𝑔+1)

2
𝛿2 − 𝑔𝛿 + 𝜀 + 𝛽𝑘𝜀𝛿 − 𝑔𝜀𝛿] − 𝑏1𝑋̅(𝛿 + 𝛽𝑘𝛿

2)                             (14) 

 

By taking expectation on both sides of (14), the bias of 𝑦̅𝑑1, up to first order of approximation, is given by: 

𝐵𝑖𝑎𝑠(𝑦̅𝑑1) =  𝑌̅ (−
1

2
𝛽𝑘2𝜆1𝐶𝑥

2 − 𝑔𝛽𝑘𝜆1𝐶𝑥
2 +

1

2
𝑔(𝑔 + 1)𝜆1𝐶𝑥

2 + (𝛽𝑘 − 𝑔)𝜆1𝜌𝐶𝑦𝐶𝑥) − 𝑏1𝑋̅𝛽𝑘𝜆1𝐶𝑥
2 .  

 

On squaring both sides of equation (14), and retaining terms up to second degree of 𝜖’s and 𝛿’s we get:    

(𝑦̅𝑑1 − 𝑌̅)
2 = 𝑌̅2(𝛽2𝑘2𝛿2 + 𝑔2𝛿2 + 𝜀2 + 2𝛽𝑘𝜀𝛿 − 2𝛽𝑘𝑔𝛿2 − 2𝑔𝜀𝛿) + 𝑏1

2𝑋̅2𝛿2 − 2𝑏1𝑋̅𝑌̅(𝛽𝑘𝛿
2 +

                          𝜀𝛿 − 𝑔𝛿2)                                                                                                                  (15) 

 

By taking expectations on both sides of equation (15) and using the expected values of 𝜖′𝑠  and 𝛿′𝑠 as given 

in Section 2, we get MSE of 𝑦̅𝑑1 up to first order of approximation, as follows:                                                                                                     

𝑀𝑆𝐸(𝑦̅𝑑1) = 𝑌̅2𝜆1𝐶𝑦
2 + (𝛽2𝑘2 + 𝑔2 − 2𝑔𝛽𝑘)𝑌̅2𝜆1𝐶𝑥

2 + 2(𝛽𝑘 − 𝑔)𝑌̅2𝜆1𝜌𝐶𝑦𝐶𝑥 + 2𝑏1(𝑔 −

                        𝛽𝑘)𝑋̅𝑌̅𝜆1𝐶𝑥
2 + 𝑏1

2𝑋̅2𝜆1𝐶𝑥
2 − 2𝑏1𝑋̅𝑌̅𝜆1𝜌𝐶𝑦𝐶𝑥.                                                             (16)                                                                                               

 

The MSE(𝑦̅𝑑1) at equation (16) is minimized for 

𝑏1𝑜𝑝𝑡 = 𝑅
∗ [
(𝛽𝑘−𝑔)𝐶𝑥

2+𝜌𝐶𝑦𝐶𝑥

𝐶𝑥
2 ].                                                         

  The resulting Bias(𝑦̅𝑑1)  and Minimum MSE(𝑦̅𝑑1) are given as 

     Bias(𝑦̅𝑑1) = (−
𝛽𝑘2

2
+
𝑔(𝑔+1)

2
− 𝛽2𝑘2) 𝜆1𝐶𝑥

2𝑌̅ − 𝑔𝜌𝐶𝑦𝐶𝑥𝜆1𝑌̅,                                                                               

      𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑑1) = 𝜆1𝑌̅
2(1 − 𝜌2) 𝐶𝑦

2  .        

 

Similarly, taking 

 𝑦̅𝑃1=  𝛼1 [𝑦̅𝑟 (
𝑋̅

𝑥̅𝑟
)
𝑔

+ 𝑏1(𝑋̅ − 𝑥̅𝑟)] [1 + 𝑙𝑜𝑔 (
𝑥̅𝑟
∗

𝑋̅∗
)
𝛽

]. 
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 By using the notations as given in Section 2, 𝑦̅𝑃1 can be rewritten in terms of 𝜖′𝑠  and 𝛿′𝑠, as follows: 

𝑦̅𝑃1 = 𝛼1[(1 + 𝜖)(1 + 𝛿)
−𝑔𝑌̅ + 𝑏1(𝑋̅ − (1 + 𝛿)𝑋̅)][1 + 𝛽log (1 + 𝑘𝛿)]                                                   (17) 

Subtracting  𝑌̅ from both sides of equation (17), we get 

𝑦̅𝑃1 − 𝑌̅ = 𝛼1[(1 + 𝜖)(1 + 𝛿)
−𝑔𝑌̅ + 𝑏1(𝑋̅ − (1 + 𝛿)𝑋̅)][1 + 𝛽 log(1 + 𝑘𝛿)] − 𝑌̅                                    (18) 

By taking expectation on both sides of equation (18), the bias of 𝑦̅𝑃1, up to first order of approximation, is 

given by: 

 

    𝐵𝑖𝑎𝑠(𝑦̅𝑃1) = 𝑌̅ (𝛼1(1 + (−
1

2
𝛽𝑘2 − 𝑔𝛽𝑘 +

1

2
𝑔(𝑔 + 1))𝜆1𝐶𝑥

2 + (𝛽𝑘 − 𝑔)𝜆1𝜌𝐶𝑦𝐶𝑥) − 𝛼1𝑏1𝑋̅𝛽𝑘𝜆1𝐶𝑥
2.       

 

On squaring both sides of equation (18), and retaining terms up to second degree of 𝜖′𝑠  and 𝛿′s. Then, 

taking expectations on both sides and using expected values of 𝜖′𝑠  and 𝛿′𝑠 as given in Section 2, we get 

MSE of 𝑦̅𝑃1, up to first order of approximation, as follows:       

                                                                                                                                                                                                                                                                                                                                              

𝑀𝑆𝐸(𝑦̅𝑃1) = 𝛼1
2[𝑌̅2 + 𝑌̅2𝜆1𝐶𝑦

2 + (𝛽2𝑘2 + 𝑔2 − 𝛽𝑘2 − 4𝑔𝛽𝑘 + 𝑔(𝑔 + 1))𝑌̅2𝜆1𝐶𝑥
2+4(𝛽𝑘 −

                       𝑔)𝑌̅2𝜆1𝜌𝐶𝑦𝐶𝑥 + 𝑏1
2𝑋̅2𝜆1𝐶𝑥

2 + 2𝑏1(𝑔 − 2𝛽𝑘)𝑋̅𝑌̅𝜆1𝐶𝑥
2 − 2𝑏1𝑋̅𝑌̅𝜆1𝜌𝐶𝑦𝐶𝑥]+𝛼1[−2𝑌̅

2 +

                     (𝛽𝑘2 + 2𝑔𝛽𝑘 − 𝑔(𝑔 + 1))𝑌̅2𝜆1𝐶𝑥
2 − 2(𝛽𝑘 − 𝑔)𝑌̅2𝜆1𝜌𝐶𝑦𝐶𝑥+2𝑏1𝛽𝑘𝑋̅𝑌̅𝜆1𝐶𝑥

2]+ 𝑌̅2.        (19)                                                                                                                                                                                                                

 

The 𝑀𝑆𝐸(𝑦̅𝑃1)  at equation (19) after putting 1 1optb b= , is minimized for 

𝛼1𝑜𝑝𝑡 =
2𝑌̅2+(−2𝛽2𝑘2−𝛽𝑘2+𝑔(𝑔+1))𝜆1𝑌̅

2𝐶𝑥
2−2𝑔𝜆1𝑌̅

2𝜌𝐶𝑦𝐶𝑥

2(𝑌̅2+(1−𝜌2)𝜆1𝑌̅2𝐶𝑦
2+(−2𝛽2𝑘2−𝛽𝑘2+𝑔(𝑔+1))𝜆1𝑌̅2𝐶𝑥

2−2𝑔𝜆1𝑌̅2𝜌𝐶𝑦𝐶𝑥
 .                                                                       

The resulting minimum MSE(𝑦̅𝑃1) is given by           𝑀𝑆𝐸𝑚𝑖𝑛(𝑦̅𝑃1) =
𝑌̅2𝑀𝑆𝐸min(𝑦̅𝑑1)−𝑌̅

2(𝐵𝑖𝑎𝑠(𝑦̅𝑑1))
2

𝑌̅2+𝑀𝑆𝐸min(𝑦̅𝑑1)+2𝑌̅𝐵𝑖𝑎𝑠(𝑦̅𝑑1)
  .         

On applying similar steps for estimators 𝑦̅𝑑𝑖 and 𝑦̅𝑃𝑖 (i = 2, 3), we can obtain their biases and the minimum 

MSEs.    


