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Abstract
Point processes are widely used statistical tools for analyzing spatial, temporal, or spatiotemporal pat-
terns in several phenomena, such as crime occurrences, seismic events, plant species distribution, and fire
hotspots. However, the analysis of these events requires distinguishing genuine spatiotemporal interac-
tion structures from intensity trends in order to avoid misleading interpretations of clustering patterns.
The objective of this study is to analyze the spatiotemporal behavior of fire hotspots in the Brazilian Ama-
zon region, using the municipality of Itapuã do Oeste between 2018 and 2019 as a case study. Following
an existing methodology, we apply the mark variogram, a technique traditionally used for marked point
processes, to data from a spatiotemporal point process (STPP). The approach consists of decomposing the
STPP into two marked point processes: one considering occurrence times as marks of spatial locations
and the other considering spatial locations as marks of occurrence times, followed by fitting a Gaussian
model. To improve the inferential interpretation of the method, we extend this approach by constructing
simulation envelopes under both homogeneous (HPP) and non-homogeneous Poisson process (NHPP)
null models. All analyses were performed in the R environment. The results revealed a spatial dependence
structure for fire hotspots up to approximately 4 km. In the temporal domain, however, the observed clus-
tering pattern was mainly associated with first-order intensity variation rather than true second-order
dependence. Under the HPP null model, the empirical mark variogram lay significantly outside the sim-
ulation envelopes, suggesting apparent structural clustering. However, under the NHPP null model, the
empirical function remained entirely within the envelope limits, indicating that the observed clustering
behavior can be explained by non-homogeneous intensity patterns. These results demonstrate that in-
corporating non-homogeneous simulation envelopes into the analysis of spatiotemporal mark variograms
improves inferential reliability by reducing false clustering interpretations. Consequently, the proposed
approach provides a more robust framework for understanding fire dynamics and may support environ-
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mental monitoring and management strategies in critical ecosystems such as the Amazon rainforest.

Keywords: Mark variogram; Point process; Amazon; Hotspots.

1. Introduction
Many types of phenomena can be studied from the perspective of point processes, including

seismic events (Ogata, 1998; Schoenberg, 2003; Vere-Jones & Deng, 1988), forest fires (Aragó et
al., 2016; Møller & Díaz-Avalos, 2010; Podur et al., 2003; Turner, 2009), infection by a specific
disease (Diggle, 2013; Lawson & Zhou, 2005; Perez et al., 2004), location of plants of a particular
species in a forest (Comas & Mateu, 2007; Penttinen et al., 1992; Stoyan & Penttinen, 2000), galaxy
clusters (Beisbart & Kerscher, 2000), crimes in a city (Gervini, 2016; Mohler et al., 2011), composite
materials (Olinda, 2010), to name but a few.

The type of process depends on the structure of the available data. For example, if the infor-
mation consists of accident locations along a highway, the point process can be treated as one-
dimensional, but if the information consists of the times at which accidents occurred, we have a
temporal point process (TPP). If the information consists of crime locations in a city, we treat the
process as spatial (SPP). However, if both the locations and the time of the crime are recorded, we
then have a spatiotemporal point process (STPP).

Other possible structures for a point process can also be considered, such as the marked point
process (MPP), where, in addition to the location, there is additional event-specific information,
such as the height of a tree, the type of a crime, or the area of a fire. This additional information
(mark) can be attached to a point that has only its spatial or temporal location, or even spatiotemporal
location.

For each type of point process, there are several analysis tools (see, for example, (Baddeley et al.,
2015; Diggle, 2013; Illian et al., 2008; Olinda, 2010; Scalon, 2025)). In this article, we will consider
the case of STPP, based on the approach proposed by Stoyan et al. (2017), which employs the mark
variogram (a method traditionally applied to marked point processes) to analyze STPP data related
to fire hotspots that occurred in the Brazilian Amazon rainforest.

Forest fires in the Amazon rainforest have become an increasingly important environmental issue
due to their impacts on biodiversity, carbon emissions, climate regulation, and land-use dynamics
(Aragó et al., 2016; Nepstad et al., 2006). In many cases, fire occurrence is not randomly distributed
in either space or time. Instead, fire hotspots tend to concentrate in specific regions and periods of the
year, especially during the dry season, reflecting the influence of climatic conditions and vegetation
characteristics favorable to fire occurrence (Corrêa, 2007). Understanding these patterns is essential
for identifying critical areas and periods with higher fire risk and for supporting monitoring and
prevention policies.

From a statistical perspective, fire hotspot data naturally exhibit a spatiotemporal structure, since
each occurrence is associated simultaneously with a geographic location and a detection time. This
means that the occurrence of a hotspot may depend not only on nearby events in space but also on
previous occurrences in time. For example, neighboring areas may experience fires during similar
periods due to shared environmental conditions. Likewise, persistent fire activity over time may
indicate seasonal fire recurrence associated with drought periods and biomass availability (Barbosa,
2001). Therefore, investigating the existence of spatial, temporal, and spatiotemporal dependence is
fundamental for understanding wildfire dynamics.

The Brazilian Amazon rainforest represents a particularly relevant study area for this type of
analysis because it combines extensive forest cover, strong seasonal climatic variation, and increas-
ing anthropogenic pressure associated with deforestation and land-use change (Aragó et al., 2016;
Nepstad et al., 2006). These characteristics make the Amazon an important scenario for studying
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spatiotemporal point patterns and evaluating whether observed hotspot clusters are associated with
genuine dependence structures or simply reflect variations in the intensity of the process over space
and time. In this context, distinguishing between clustering caused by dependence between events
and clustering induced by non-homogeneous intensity patterns becomes an important statistical
challenge.

The mark variogram is a tool that describes the correlation structure between marks of a point
process, quantifying how this correlation behaves as a function of the distance between points
(Cressie, 1993; Illian et al., 2008; Stoyan & Wälder, 2000). Its use provides important informa-
tion, including: verification of the existence of spatial correlation, the rate at which the correlation
between marks decreases (or increases) with increasing distance, the range of this correlation, and
whether nearby points tend to have marks with similar (or dissimilar) values.

The proposal by Stoyan et al. (2017) consists of decomposing the STPP into two marked point
processes, where one considers times as marks of spatial locations and the other considers locations
as marks of times. Based on this formulation, the authors fitted a Gaussian model to the mark
variogram to obtain values of the parameters of interest, such as the range and sill. The range refers
to the distance within which samples are correlated, indicating that points beyond this distance are
spatially (or temporally) independent. The sill is the variogram value corresponding to the range
and indicates when the variability of the phenomenon stabilizes. The sill is commonly interpreted
as a measure of the total variance of the data.

Stoyan et al. (2017) suggest visually comparing the sill of the observed spatiotemporal configura-
tion with the sill expected under the null hypothesis (sill of a homogeneous Poisson process - HPP),
which represents a configuration where locations are independent of times. For cases where the sill
deviates from the expected value under the HPP hypothesis, the authors argue that this behavior
is due to the fact that the observed configurations deviate from a pattern generated by a homoge-
neous Poisson process. However, Stoyan et al. (2017) do not present a formal method to test this null
hypothesis. In this work, we propose to complement the approach by Stoyan et al. (2017) through
testing the null hypothesis via the construction of empirical envelopes obtained from Monte Carlo
simulations. This approach allows assessing whether the observed values of the mark variogram are
compatible with those expected under different null models, including not only the homogeneous
Poisson process (HPP) but also the non-homogeneous Poisson process (NHPP). Thus, we aim to
provide a statistical method to test the adequacy of these models to the spatiotemporal structure
present in the data.

In this work, these methods are applied to fire hotspot data, detected by satellite, in the mu-
nicipality of Itapuã do Oeste, state of Rondônia (Brazilian Amazon) between 2018 and 2019. It
is expected that these methods can contribute to the analysis of spatiotemporal patterns in critical
ecosystems, where the detection of fire clusters in time and space can support prevention policies
for this important biome.

2. Material and methods
2.1 Data

The data analyzed in this study correspond to fire hotspots observed during 2018 and 2019 in the
municipality of Itapuã do Oeste, located in the state of Rondônia (RO). The municipality’s biome is
the Brazilian Amazon Rainforest, and of its 4081 km2 area, approximately 2119.32 km2 are covered
by the Jamari National Forest (Legal Creation Decree: Decree n◦ 90.224 of September 25, 1984),
as can be observed in Figure 1.

The data were obtained from the National Institute for Space Research - INPE, through the
website of the Fire Monitoring Program: https://terrabrasilis.dpi.inpe.br/queimadas/bdqueimadas
(INPE, 2024), considering records made by remote sensing from the reference satellite AQUA.
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Figure 1. Location of the municipality of Itapuã do Oeste - RO and the Jamari National Forest.

The data correspond to 216 fire hotspots, that is, hotspots with temperatures above 47◦C, with
111 hotspots observed in 2018 and 95 in 2019. The information used for each hotspot includes
geographic coordinates and the time of occurrence, consisting of the date and hour.

For the analysis, it was necessary to convert geographic coordinates to the UTM (Universal
Transverse Mercator) Cartesian coordinate system. The information about the date and time of
hotspot detection was transformed into days, with the date converted to the day of the year and the
hour calculated as a fraction of the day.

2.2 Point processes: definitions and properties
A point process can be understood, according to Scalon (2025), as a mathematical model for a

physical phenomenon, characterized by points whose locations are realizations of a stochastic pro-
cess and are randomly distributed in a continuous region, such as a time interval or uni- or multi-
dimensional space. If X denotes this continuous region, a realization of the point process in X is
simply a set of points in X and can be called a point pattern.

2.2.1 Spatiotemporal point processes
A spatiotemporal point process (STPP) is a stochastic process that generates a countable set of

points {(si, ti) : i = 1, . . . , n}, where si ∈ S ⊂ R2 and ti ∈ T ⊂ R+, so that its study is considered in
the Cartesian product R2 × R+ (Diggle, 2013).

In the analysis of an STPP, its first- and second-order properties are generally considered. Ac-
cording to Gabriel et al. (2013) and Snyder & Miller (1991), the first-order properties of a spatiotem-
poral point process can be described by its spatiotemporal intensity function, given by

λ(s, t) = lim
|ds|,|dt|→0

{
E[N(ds, dt)]

|ds||dt|

}
, (1)

where ds defines a small region around the location s, |ds| is its area, dt is a small interval containing
time t, |dt| is the length of this interval, and N(ds, dt) is the number of events in ds × dt. A process
where λ(s, t) = λ for all (s, t) is said to be homogeneous. Informally, λ(s, t) can be understood as the
average number of events per unit volume around the location (s, t).

Regarding the second-order properties of a spatiotemporal point process, Gabriel et al. (2013)
and Snyder & Miller (1991) point out that they describe the relationship between numbers of events
in pairs of subregions within S × T and are given in terms of the intensity function
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λ2

(
(si, ti), (sj, tj)

)
= lim

|dsi×dti |,|dsj×dtj |→0

{
E[N(dsi × dti)N(dsj × dtj)]

|dsi × dti||dsj × dtj |

}
, (2)

where dsi × dti and dsj × dtj are small cylinders containing the points (si, ti) and (sj, tj), respectively.
Considering the study of these properties, the goal is then to compare the events of the observed

point pattern with a null model given by complete spatiotemporal randomness (CSTR), which is the
case of the homogeneous Poisson process in space-time. CSTR occurs, according to Gabriel et al.
(2013), when

• For some λ > 0, the number N(S × T) of events within the region S × T follows a Poisson
distribution with mean λ|S||T|, where |.| denotes the area (two-dimensional) or length (one-
dimensional), depending on the context.
• Given N(S×T) = n, the n events in S×T form an independent random sample from the uniform

distribution on S × T.

According to Gabriel et al. (2013), for the case of the homogeneous Poisson process, the first- and

second-order intensities reduce to constants λ(s, t) = λ and λ2

(
(si, ti), (sj, tj)

)
= λ2. Values greater or

smaller than these parameters would therefore indicate, informally, how much more or less likely it
is that a pair of events will occur at specific locations of a Poisson process with the same intensity.

The assumptions of stationarity and isotropy about a point process are made to facilitate the
analyses. According to Lloyd (2010) and Scalon (2025), the term stationarity is used to refer to the
result of some process that has similar properties at all locations in the region of interest, more specif-
ically, the process is said to be stationary if its statistical properties are invariant under translation.
According to Scalon (2025), the process is said to be isotropic if its statistical properties are invari-
ant under rotation. The property of isotropy does not make sense for temporal point processes. A
spatiotemporal point process is second-order stationary, according to Gabriel et al. (2013), if:

• in space, if λ(s, t) ≡ λ(t) and λ2

(
(si, ti), (sj, tj)

)
= λ2(si – sj, t), i.e., it is invariant under translation

in space (homogeneous first-order intensity and second-order intensity depends only on the
relative distance), but varies in time;
• in time, if λ(s, t) ≡ λ(s) and λ2

(
(si, ti), (sj, tj)

)
= λ2(s, ti – tj), i.e., the first-order intensity is

constant in time but varies in space, and the second-order intensity varies in space but depends
only on the relative temporal distance between events;

• in space and time, if λ(s, t) ≡ λ and λ2

(
(si, ti), (sj, tj)

)
= λ2(si – sj, ti – tj), that is, it is invariant

under translation in time and space.

The process will also be isotropic if λ2
(
(si, ti), (sj, tj)

)
= λ2(r, t), where (r, t) is the spatiotemporal

distance vector, r = ||si – sj || and t = |ti – tj |, that is, it is invariant under rotation.
For the case where the process is non-stationary, that is, we have a non-homogeneous first-order

intensity, the point pattern can be compared to a NHPP which, despite having a varying intensity,
does not exhibit a spatiotemporal correlation structure between events. This process can be obtained
by replacing the constant intensity λ of the homogeneous Poisson process with an intensity function
λ(s, t) that varies in space, time, or both (Gabriel et al., 2013).

According to these authors, a NHPP can be defined based on the following postulates:

• The number N(S × T) of events within the region S × T follows a Poisson distribution with
mean

∫
S
∫

T λ(s, t)dtds.
• Given N(S × T) = n, the n events in S × T form an independent random sample from the

distribution on S × T with a probability density function proportional to λ(s, t).
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Gabriel et al. (2013) state that for a Poisson process with intensity λ(s, t), the second-order in-
tensity is λ2

(
(si, ti), (sj, tj)

)
= λ(si, ti)λ(sj, tj).

These concepts enable the structuring of summary statistics such as the K function (Diggle et al.,
1995; Diggle & Gabriel, 2010; Gabriel & Diggle, 2009; Scalon, 2025), which is theoretically known
for the cases of an HPP or NHPP. The K function obtained for the observed configuration is then
compared with the theoretical K function, and based on this comparison, the researcher can proceed
with more specific analyses.

2.2.2 Simulation envelopes
Just as for a random sample it is necessary to perform some hypothesis test to verify whether the

data follow a certain distribution or not, for the case of an SPP, an equivalent approach is recom-
mended.

According to Wiegand & Moloney (2013), approaches using summary statistics such as the K
function require the comparison of observed patterns and patterns created by a null model to assess
their correspondence. Scalon (2025) points out that the most practical alternative is to use Monte
Carlo simulations to produce realizations of the stochastic point process underlying the specific null
model to indicate the range of statistical variation under the null model.

In this procedure, each simulation of the null model generates a point pattern, and the test statistic
is calculated for each simulated pattern.

Wiegand & Moloney (2013) point out that since the null model is stochastic, the results of the
test statistics in each of the different simulated patterns do not present an exact correspondence with
each other but instead exhibit fluctuations around the theoretically expected value. Thus, the goal of
the approach using the simulation envelope is to determine whether the test statistic of the observed
data is outside the range of stochastic fluctuations produced by the null model.

For this procedure, let us consider, according to Baddeley et al. (2015), any summary function
S for point processes. To perform the test, first the function S is calculated for the observed data,
Sobs(r). Then, m synthetic point processes are generated, simulated from the null hypothesis, and
their respective estimated S functions are obtained for each simulation, S(1)(r), S(2)(r), . . . , S(m)(r).

To apply the Monte Carlo test principle, Baddeley et al. (2015) point out that it is necessary to
reduce the function S(r) to a simple number T, which will serve as the test statistic. One approach
presented by the authors consists of specifying a distance r = r0 and defining T = S(r0), which is the
value of the summary function at that specific distance. According to the authors, under the null
hypothesis, the values of Ŝ(r0) for the data and for the simulated patterns are statistically equivalent
random variables, and the Monte Carlo test principle applies. Thus, the two-sided Monte Carlo test
with significance level α = 2/(m + 1) rejects the null hypothesis if the value tobs = Sobs(r0) is outside
the range of all values obtained by simulation t1 = S(1)(r0), t2 = S(2)(r0), . . . , tm = S(m)(r0), that is, if
tobs > maxj tj or tobs < minj tj. This rule is, according to Scalon (2025), equivalent to constructing
the plot of the upper and lower envelopes given by

U(r) = max
j

S(j)(r)
{

S(1)(r), S(2)(r), . . . , S(m)(r)
}

L(r) = min
j

S(j)(r)
{

S(1)(r), S(2)(r), . . . , S(m)(r)
}

,
(3)

cutting it with a vertical line that intersects the horizontal axis at r = r0, and the null hypothesis is
rejected if the value of the observed function Sobs(r) is outside the interval bounded by these envelopes
at that pre-specified distance r = r0.

According to Wiegand & Moloney (2013), to obtain a 5% significance level, one possibility is to
use the observed data pattern plus 199 simulations under the null model to construct the envelope.
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Consider, for example, that an observed pattern actually follows an HPP. In this case, the risk that
Ŝ(r) estimated for this observed pattern is outside the envelope limits is 5/200 being below and 5/200
for being above. More generally, the simulation envelopes can be defined as the s-th highest and
lowest values of the test statistic, taken from m simulations of the null model with significance level
α = 2

s
m + 1

for the two-tailed test.

2.2.3 Marked point processes
A point process is said to be mark when, in addition to the spatial location of events, there is

additional information (mark) attached to each event. According to Chiu et al. (2013), a marked
point process in Rd is a random sequence Xm = {(si, mi)}, where the points si together constitute
the unmarked point process in Rd , and the values mi are the marks corresponding to each point si,
that is, mi = m(si). Considering here d = 2 and that the marks belong to the mark space M, the study
of marked point processes is given in R2 ×M. Daley & Vere-Jones (2002) refer to the unmarked
point process X as the base process, which will also be considered here.

Regarding the nature of the marks, they can be continuous or discrete/categorical variables. An
example of a continuous variable is the diameter at breast height of trees in a forest stand, and in the
discrete case, the species of the trees.

It is important to highlight that marked point pattern data has similarities with geostatistical
data, which also consist of information about locations s and associated values Z(s). However, as
Scalon (2025) states, the goal of geostatistics is to estimate spatially continuous phenomena based on
measurements made at points chosen for this purpose. In the case of marked point patterns, the points
do not represent the locations chosen for measurement purposes but the exact locations where the
analyzed objects occurred. Thus, according to Illian et al. (2008), the analysis of geostatistical data
and marked point process data have completely different objectives and apply different methods, so
the misuse of geostatistical methods in marked point processes can produce incorrect results. Since
marks only exist at the event locations and not throughout the study region, a variable that occurs
throughout the region and is intended to be incorporated into the point pattern analysis should then
be treated as a covariate and not as a mark.

Considering that marks can be of discrete or continuous nature, there are specific methods to
analyze each of these cases. Our analysis here focuses on the continuous case, where M = R.
Methods for analyzing categorical marks can be found in Baddeley et al. (2015) and Illian et al.
(2008), while methods for continuous marks can be found in Olinda (2010).

For the case of a marked point process, the assumption of stationarity is also considered. Con-
sider, according to Illian et al. (2008), the marked point process Xm given by Xm = {(s1, m1), (s2, m2), . . .}
and Xs

m = {(s1 + s, m1), (s2 + s, m2), . . .} the process translated by s. Note that in Xs
m the marks re-

main the same, but the points are translated. From this, we have that a marked point process Xm is
stationary if and only if

Xm
d= Xs

m,

that is, the marked point process Xm and the spatial marked point process translated by s have the
same distribution. If the process, in addition to having this invariance under translation, is also
invariant under rotation, it is said to be isotropic.

As in the cases presented earlier, a marked point process can be studied by its first- and second-
order properties, given in terms of intensity functions. In general, Zhang & Zhuang (2014) express
the k-th order intensity function by

λk

(
(s1, m1), . . . , (sk, mk)

)
= lim

|dsi×dmi |→0, i=1,...,k

{
E[N(ds1 × dm1) . . .N(dsk × dmk)]

|ds1 × dm1| . . . |dsk × dmk|

}
(4)
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where (si, mi) are distinct pairs of points and marks in R2 × R, dsi × dmi is an infinitesimal region
containing (si, mi), and |dsi × dmi| is the measure of dsi × dmi.

From λk, as in the case of STPP, functions are defined that are used to describe the data of a
spatial marked point process, which will not be considered here; the interested reader can find them,
for example, in Baddeley et al. (2015).

In the case of spatial marked point processes with quantitative marks, the interest lies, as pointed
out by Wiegand & Moloney (2013), in characterizing the process that distributed the marks over the
events, while the characteristics of the unmark pattern itself (how the events are distributed, whether
the intensity is constant or not, or whether there is any spatial correlation structure between them)
are generally not of interest.

In a marked point process, the goal is to describe the variability in the distribution of the marks,
as well as the existing correlations between the marks and the points. An assumption made in many
cases is to assume that marks are independent and identically distributed (i.i.d.). However, the mark
mi may depend on its location si.

In marked point processes, an alternative form of randomness is known as random labeling. While
complete randomness describes events that occur randomly in a study area, random labeling simply
describes the points of a process being randomly marked, independent of the base process distribu-
tion.

In the case of random labeling, the marks of the process are, according to Pawlas (2009), inde-
pendent and identically distributed (i.i.d.) and, moreover, are independent of the points.

To test a dataset under the random labeling hypothesis, the procedure makes use of simulation
envelopes, where in this case, the m "simulations" are obtained by keeping the locations of the
base process fixed and permuting the marks m times, where the marks are randomly assigned to
each location. For each permutation, the test statistic of interest is computed, the envelopes are
constructed at the end, and compared with the result of the original data, in the same way as shown
earlier. Rejecting the random labeling hypothesis means that the marks are not independent and
identically distributed and were not randomly assigned to their locations, indicating that there is a
correlation structure between them and with the points.

2.2.4 The mark variogram
The mark variogram (Baddeley et al., 2015; Cressie, 1993; Illian et al., 2008; Stoyan & Wälder,

2000; Wälder & Stoyan, 1996) for a stationary marked point process is defined by

γ(r) =
1
2
E
[(

mi – mj
)2
∣∣∣ |si – sj | = r

]
. (5)

Thus, 2γ(r) is the expected quadratic difference between the values of two marks whose corre-
sponding points are separated by a distance r. According to Stoyan et al. (2017), the behavior of γ(r)
as a function of r provides valuable information about the spatial correlations between the marks of
the process. Three aspects of this information highlighted by the authors are described below.

1. If the marks of nearby points are similar for small values of r, γ(r) has small values. This is a
natural behavior in many cases, but Stoyan et al. (2017) point out, however, that this is not the
only possibility and report the example presented in Baddeley et al. (2015) regarding the spruces
dataset (a typical tree of temperate regions), where there is an increase in variation at very short
distances. A possible interpretation, according to the authors, is that for very large trees found
close to each other, there must be at least one that is small.

2. As r increases, γ(r) often increases and shows asymptotic convergence toward a constant value,
that is (Illian et al., 2008):

lim
r→∞

γ(r) = σ2
µ. (6)
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This constant value is called the sill or variance of the marks. It may happen, however, that γ(r)
decreases in some intervals of r, as in the case mentioned earlier. According to Stoyan et al.
(2017), the speed of convergence is related to the speed of decline of the spatial correlation of
the marks with increasing inter-point distances. And the value of r at which the sill is reached
is called the range. If it exists, the range is a valuable correlation parameter.

3. The behavior of γ(r) near the origin, denoted by γ(0+), is also often of interest. γ(0+) is called
the nugget effect and may happen, according to the authors, to be positive and not disappear, as
might be expected. γ(0+) reflects the spatial aggregation of nearby points with different marks.
That is, a positive value of γ(0+) indicates that nearby points tend to have significantly different
marks. And in the case of γ(0+) being positive and constant for r > 0, it is then referred to as a
pure nugget effect.

2.3 Analysis of STPP using the mark variogram
Considering the spatiotemporal point process X = {(s1, t1), (s2, t2), . . .} and assuming that there

are no coincident points and the process occurs in a time window T = [0, τ] and space window W ,
given by a rectangle with sides a and b, Stoyan et al. (2017) state that a spatiotemporal point process
can be transformed into a marked point process in two ways.

The first is to reinterpret the process X as a mark process XT by taking the times ti as marks of
the locations si, that is, XT = {(si, t(si))}. The second way is to reinterpret the process X as a mark
process XW by taking the locations si as marks of the times ti, that is, XW = {(ti, si(ti))}.

Stoyan et al. (2017) state that the invariance properties of the process X are transmitted to XT
and XW .

Let X be a stationary process where si ∈ R2 and t ∈ R and

X d= Xs,t (7)

where Xs,t is the translated process Xs,t = {(s1 + s, t1 + t), (s2 + s, t2 + t), . . .}. Stoyan et al. (2017) point
out that if X is completely stationary, then XT and XW are stationary as marked point processes.

2.3.1 The mark variograms γsp(r) and γte(t)
For each of the processes XT and XW , Stoyan et al. (2017) consider the respective mark vari-

ograms. According to the authors, both describe the extent of correlations between the spatial and
temporal components, in particular the extent of spatiotemporal clustering.

For the case of the process XT , Stoyan et al. (2017) define the spatial mark variogram γsp(r) by

γsp(r) =
1
2
E
[
(t(u) – t(v))2

∣∣∣ u, v ∈ Xspace
]

(8)

where t(s) is the time mark of the point at location s, and Xspace is the spatial component of the
spatiotemporal point process. This function has basically the same structure as that presented in
equation (5) with the only difference that the marks are given by times.

The temporal mark variogram γte(t) is given by

γte(t) =
1
2
E
[
(s(l) – s(k))2

∣∣∣ l, k ∈ Xtime
]

(9)

where s(t) is the spatial mark of the point at time t, and Xtime is the temporal component of the
spatiotemporal point process. In this case, the locations are points in R and the marks are in Rd . It
is also noted that instead of the spatial distance r, what is considered is the temporal distance t, and
instead of the quadratic difference of the marks, their quadratic distance is considered.

Regarding the spatiotemporal behavior of the process X, Stoyan et al. (2017) point out that γsp(r)
provides valuable information and presents the following characteristics:
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1. If points clustered in space also tend to be clustered in time, then γsp(r) has small values for small
r.

2. As r increases, γsp(r) often increases and shows asymptotic behavior, converging toward a sill
value. The speed of this convergence is related to the speed of increase in the variability of the
appearance times of the members of point pairs with increasing distance r between the points.
This means that if the convergence toward the sill is fast, the extent of spatiotemporal dependence
is present for short distances. And if this convergence is slow, the extent of spatiotemporal
dependence exists for larger distances.

3. The behavior of γsp(r) near the origin can be characterized by a nugget effect. According to the
authors, it may happen that, in the same region of space, clusters of points appear at different
times.

The properties of γte(t), in relation to the spatiotemporal point process X and presented by
Stoyan et al. (2017), are analogous to the case of γsp(r).

2.3.2 Estimation of γsp(r) and γte(t)
Assuming that the point process is stationary, an estimator for γsp(r) presented by Stoyan et al.

(2017) is:

γ̂sp(r) =

∑=
s1,s2∈W

1
2 (|t1–t2 |)2κϵ(|s1–s2 |–r)

2πre2(s1,s2)∑=
s1,s2∈W

κϵ(|s1–s2 |–r)
2πre2(s1,s2)

, 0 < ϵ < r, (10)

where κϵ is a one-dimensional kernel function with bandwidth ϵ, and e2(s1, s2)) is a generic
edge-correction factor. According to Wälder & Wälder (2008), kernel-based estimators are useful
for obtaining smoother functions when exact distances r between point pairs are rare.

The bandwidth parameter ϵ determines the degree of smoothing of the kernel estimator and
directly affects the empirical behavior of the variogram. Bandwidth selection can be performed us-
ing the automatic procedures available in the stpp package in R, based on kernel smoothing methods
described by Diggle (1985) and Berman & Diggle (1989). The bandwidth is selected by minimiz-
ing an approximation to the mean squared error criterion, providing a balance between estimator
variability and oversmoothing.

Stoyan et al. (2017) propose a simplified estimator without edge correction:

γ̂sp(r) =

∑=
s1,s2∈W

1
2 (|t1 – t2|)2κϵ(|s1 – s2| – r)∑=

s1,s2∈W
κϵ(|s1 – s2| – r)

. (11)

The temporal variogram estimator is analogous:

γ̂te(t) =

∑=
t1,t2∈T

1
2 (|s1 – s2|)2κδ(|t1 – t2| – t)∑=

t1,t2∈T
κδ(|t1 – t2| – t)

, (12)

where δ is the temporal bandwidth parameter.
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2.3.3 The Gaussian Model
The Gaussian model is defined according to Montero et al. (2015), as

γ(|h|) = m
(

1 – exp

(
–|h|2

a2

))
(13)

where |h| is the distance between two locations; a is the correlation range, that is, the distance within
which samples are correlated; m is the sill, which is the value of the variogram corresponding to the
range a.

The value of γ(0) is the nugget effect and is theoretically equal to zero. However, in practice, as
noted by Camargo et al. (2004), when h → 0, γ(|h|) approaches a positive value C0. This value is re-
lated to the discontinuity of the variogram for distances smaller than the minimum distance between
samples. Thus, the nugget effect represents the component of spatial variability that may be due to
measurement errors or small-scale variability that cannot be observed by sampling. Therefore, the
sill value is given by m = C0 + C1, where C1 is referred to as the "contribution."

When using the Gaussian model, the objective of Stoyan et al. (2017) was not to make predictions
from the fitted model, nor to select among multiple variogram candidates. The authors’ goal was
simply to use the Gaussian model as a tool to obtain estimates of the range and sill parameters in
order to describe the correlation structure in the point process. Following this rationale, we adopt
the same model as an established structural benchmark for the mark variogram method.

2.3.4 Considerations on the Variograms γsp(r) and γte(t)
A result presented by Stoyan et al. (2017) for the variograms γsp(r) and γte(t) is their theoretical

value under the assumption of complete spatio-temporal randomness, i.e., a homogeneous Poisson
process. Considering a spatial window W given by a rectangle with sides a and b, and a temporal
window T = [0, τ], we have

γsp(r) =
{

0 for r = 0
csp for r > 0 and γte(t) =

{
0 for t = 0
cte for t > 0 (14)

where csp =
τ2

12
and cte =

a2 + b2

12
.

After performing estimation and fitting the Gaussian model to simulated data from a STPP with
different structures and to real data, the authors Stoyan et al. (2017) concluded that the estimated
and fitted variograms yielded results consistent with the data structure. Another aspect highlighted
by the authors is that, using the proposed estimator, edge effects and lack of homogeneity can be
ignored. Furthermore, the shape of the window is also irrelevant, making the estimator robust for
different types of spatial and temporal windows.

The sill value obtained from fitting the Gaussian model to γsp(r) and γte(t) was compared with
the values of csp and cte, respectively. For cases where the sill value deviated from the expected value
for a HPP, the authors argued that this was due to the fact that the data from the analyzed patterns
were far from exhibiting an HPP structure. However, they did not provide a way to verify this
using the variograms.

In this work, for the analyzed data, this verification was performed using a Monte Carlo simu-
lation approach to construct the envelope under the null models of an HPP and a NHPP.

2.3.5 Data Analysis
In the analysis of the data based on the proposal by Stoyan et al. (2017), for each of the variograms

γsp(r) and γte(t), estimation and fitting of the Gaussian model were performed.
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Subsequently, to investigate the deviations of the estimated variogram from the expected behav-
ior under complete randomness, envelopes were constructed from 199 simulations of an HPP, with
the same number of points and in the same spatio-temporal region as the data.

Another null model considered in these analyses was the NHPP. This is due to the fact that
if the variogram exhibits a sill much lower than expected for an HPP, then very small variability
between locations and times may form clusters that are not due to a second-order effect. That is,
the process may be non-stationary, possessing a non-homogeneous first-order intensity, such that
there is a trend effect in the occurrences of heat foci rather than dependence.

In the case of simulating an NHPP, the non-homogeneous intensity λ(s, t) can be introduced as
a function of the coordinates or as a three-dimensional array object (which was the case used here).
The construction of this array object can be done by estimating the intensity of the observed process
using kernel functions. A detailed description of this process is provided in Gabriel et al. (2013).

If the estimated variogram does not remain within the envelope, even when considering the
NHPP as the null model, then the observed clustering behavior is not simply due to a trend effect
but rather to dependence.

2.4 Softwares
All analyses were performed using functions developed in the computational environment of the

R software (R Core Team, 2024). The libraries used were spatstat (Baddeley & Turner, 2005) for
spatial data simulation and exploratory analysis; stpp (Gabriel et al., 2024), for spatio-temporal data
simulation and calculation of the variograms γsp(r) and γte(t); and geoR (Ribeiro Jr & Diggle, 2025),
for fitting the Gaussian model to the variogram.

3. Results and discussion
3.1 Descriptive analysis

First, we consider the temporal distribution of fire hotspots. Figure 2 shows the number of fire
hotspots in Itapuã do Oeste - RO, by month, during the study period from 2018 to 2019.
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Figure 2. Monthly distribution of fire hotspots in Itapuã do Oeste - RO between 2018 and 2019.

Figure 2 shows a seasonal pattern in the number of fire hotspots, with the majority of occurrences
concentrated between June and October for both 2018 and 2019. Within each year, the distribution
is non-uniform, with August and September showing the highest number of occurrences. This
period of high hotspot incidence coincides with the dry season, characterized by low rainfall, low
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air humidity, and high atmospheric temperatures. According to Corrêa (2007), these factors are
favorable for fire occurrences in natural areas.

Regarding the spatial distribution of fire hotspots, Figure 3 shows the locations of each hotspot
recorded between 2018 and 2019, as well as for each year separately.

2018

Flona
JamariJamari

2019

Flona
JamariJamari

0 20 40km

2018−2019

Flona
JamariJamari

Figure 3. Spatial distribution of fire hotspots in Itapuã do Oeste - RO between 2018 and 2019.

Figure 3 shows that most hotspots are located outside the Jamari National Forest area. This is an
important finding, as it reinforces the importance of environmental conservation units in fire pre-
vention and biodiversity preservation. As noted by Ramos et al. (2016), conservation units’ ability
to control land use and human demographic pressure tends to minimize or prevent fire occurrences
within their boundaries. In the Amazon, although many conservation units have limited infrastruc-
ture and lack fire brigades, they have proven effective in containing fires and deforestation (Nepstad
et al., 2006).

Additionally, regarding hotspot distribution, there appears to be a "migration" of hotspot loca-
tions from 2018 to 2019. A possible explanation is that areas burned in one year did not experience
recurrence the following year. This finding aligns with results from Barbosa (2001), who state that
most annually burned areas are those that did not burn the previous year, indicating greater biomass
availability for burning in subsequent periods due to fuel accumulation.

3.2 STPP analysis using the mark variogram
The results of the unmark spatiotemporal point process analysis for fire hotspot data using the

approach proposed by Stoyan et al. (2017), including simulation envelopes, are shown in Figure 4.
Figure 4 (a) shows the estimated mark variograms γsp(r) and γte(t) fitted with the Gaussian model

for fire hotspots in Itapuã do Oeste - RO between 2018 and 2019, along with the respective Gaussian
model parameters and the theoretical variogram values expected for an HPP. For γsp(r), the Gaussian
model’s sill value corresponds to approximately 87% of that expected for an HPP. A range of ap-
proximately 4 kilometers is also observed, indicating a correlation (dependence) structure between
occurrence times up to this distance, beyond which the pattern becomes random. This behavior can
also be seen in Figure 4 (b), where for distances between approximately 1 and 4 kilometers, γ̂sp(r)
lies outside the envelope constructed under the HPP null model and remains within it thereafter.
Since the nugget effect value lies below the sill, this behavior indicates that nearby points in space
also occurred close in time, suggesting some form of fire hotspot clustering.

For γte(t) in Figure 4 (a), the Gaussian model shows a range of approximately 66 days, meaning
that within this time interval, the model indicates a correlation (dependence) structure between fire
occurrences. However, the model’s sill is approximately half of that expected for an HPP, meaning
that even for large time intervals, the variability between hotspots is much smaller than expected un-
der an HPP, indicating a temporal clustering structure. Indeed, Figure 4 (b) shows that γ̂te(t) always
remains outside the envelope, leading to rejection of the homogeneous Poisson process hypothesis.

For this latter case, envelopes were also constructed using 199 simulations of a non-homogeneous
Poisson process where the intensity λ(s, t) was given by an array, with each element being the spa-
tiotemporal intensity value of the observed process. Figure 4 (c) shows that γ̂te(t) remains entirely

Braz. J. Biom., v.44, e-44964, 2026. 13



Abreu & Scalon

250

500

750

1000

0 100 200 300 400
t (days)

�̂ t
e�t
�

�̂te�t�
�

nhpp
�t�

Envelope

(a) Estimated and adjusted �sp(r) and �te(t) variograms for the years 2018 - 2019

(c ) Estimated �te(t) variogram for the years 2018-2019 and the envelopes 

(b) Estimated �sp(r) and �te(t) variograms for the years 2018-2019 and the envelopes

0

10000

20000

30000

40000

50000

0 10 20 30 40
r (km)

�̂ sp
�r
�

Variograms
Adjusted
Estimated

Expected for an HPP:

Gaussian model:
nugget effect = 22338,64
sill = 34848,11
range = 3,999843 km

�sp�r�= 40133,52
Expected for an HPP:

�te ������ �= 880,8975

Gaussian model: 
nugget effect = 321,6226 
sill = 434,2802
range = 66,45344 days

r (km) t (days)

10000

20000

30000

40000

50000

0 10 20 30 40

�̂ s
p�
r�

�̂sp�r�
�

hpp
�r�

Envelope
400

600

800

0 100 200 300 400

�̂ t
e�t
�

�̂te�t�
�

hpp
�t�

Envelope

0

200

400

0 100 200 300 400
t (days)

�̂ te
�t�

100

300

500

Variograms
Adjusted
Estimated

t

constructed from 199 simulations of an HPP.

constructed from 199 simulations of an NHPP.

Figure 4. Results of spatiotemporal analysis for the 2018-2019 period using the Gaussian model and simulation envelopes.

within the simulation envelopes under the NHPP assumption, indicating that the observed temporal
clustering pattern can be explained by first-order intensity variation rather than genuine second-
order dependence between events. In contrast, under the HPP assumption, the same pattern appears
to exhibit apparent structural clustering because the homogeneous model does not account for vari-
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ations in the process intensity over space and time. Therefore, the comparative evaluation between
HPP and NHPP envelopes shows that part of the apparent clustering behavior is induced by non-
homogeneous intensity effects rather than by interaction between fire hotspots.

Overall, the spatiotemporal pattern of fire hotspots during the study period suggests stronger
first-order intensity variation than genuine dependence. One possible explanation is that temporally,
hotspots tend to occur during the dry season. This seasonal behavior is consistent with studies
showing that fire occurrence in the Amazon is strongly associated with dry periods and climatic
conditions favorable to biomass burning (Aragó et al., 2016; Corrêa, 2007). Spatially, cases tend to
occur in areas without environmental protection, with humans being the main agents initiating
fires (ICMBio, 2016). Similarly, the spatial concentration of hotspots near non-protected areas is
compatible with studies indicating that anthropogenic activities and land-use change are important
drivers of fire occurrence in the Amazon region (Nepstad et al., 2006).

Additionally, in spatiotemporal analyses using the variograms γsp(r) and γte(t), simulation en-
velopes play an important role in complementing the approach proposed by Stoyan et al. (2017).
When empirical variograms deviate from the theoretical behavior expected under complete spatial
randomness, the Gaussian model alone does not allow distinguishing whether the observed pattern
is caused by genuine dependence between events or by first-order intensity variation. In this con-
text, the use of NHPP-based envelopes becomes particularly important because it allows separating
non-homogeneous intensity effects from true second-order interaction structures, thereby reducing
misleading interpretations of clustering behavior. This distinction is particularly important because
non-homogeneous intensity patterns may produce apparent clustering effects even in the absence
of true interaction between events, leading to misleading interpretations when only homogeneous
null models are considered (Baddeley et al., 2015; Diggle, 2013).

Although showing that STPP analysis using the mark variogram yields interesting results, Stoyan
et al. (2017) do not justify their choice of the Gaussian model or discuss implications of using other
valid models like spherical or exponential. In this article, we aimed only to complement the method-
ology by adding simulation envelopes, so since model selection was not our focus, this discussion
was not included, leaving it for future work.

4. Conclusions
The analysis of an STPP using the variograms γsp(r) and γte(t), together with simulation en-

velopes, complements the approach proposed by Stoyan et al. (2017) by allowing formal assessment
of whether observed patterns are compatible with homogeneous or non-homogeneous Poisson pro-
cess assumptions.

Applying these methods to fire hotspot data proved effective for identifying spatiotemporal pat-
terns and, mainly, for distinguishing apparent clustering caused by non-homogeneous intensity
variation from genuine second-order dependence between events. The comparison between HPP-
and NHPP-based simulation envelopes showed that part of the observed clustering behavior can be
explained by first-order intensity effects rather than by interaction between fire hotspots. Thus, the
proposed approach contributes to a more reliable interpretation of spatiotemporal clustering pat-
terns and to a better understanding of fire dynamics in ecosystems such as the Brazilian Amazon
rainforest.
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