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Abstract
In survey sampling, estimating the population mean properly in the case of missing data is a difficult issue,
while it becomes much more typical if the data are imprecise or uncertain. The conventional imputation
methods frequently fail to handle the underlying uncertainty and imprecision in real-life datasets. To
solve this issue, this paper adapts some fundamental neutrosophic imputations and proposes some efficient
neutrosophic imputations under neutrosophic ranked set sampling (NeRSS) that successfully handles im-
precise data while using neutrosophic logic principles. Through theoretical analysis and simulation study,
we show that the proposed imputation methods yield more robust and trustworthy population mean es-
timates than the adapted ones, particularly in datasets with high missingness and imprecision. A real data
insight is also presented in support of the theoretical and simulation findings.
Keywords: Neutrosophic imputation; Missing data; Population mean; Mean square error; Imprecise
data.

1. Introduction
Missing data is a common problem in survey research that occurs due to equipment failures, data

entry mistakes, and non-participation by respondents. This incompleteness can compromise the re-
liability of the conclusions, which might introduce bias and reduce statistical accuracy. However,
appropriate imputation methods can lessen these impacts and improve the reliability and accuracy
of results. Maintaining the integrity of survey research requires efficient handling of missing data.
Rubin (1976) defined three fundamental concepts, namely, parameter distribution (PD), observed
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at random (OAR), and missing at random (MAR). Later, this idea was expanded upon by Heitjan
and Basu (1996), who distinguished between MAR and missing completely at random (MCAR).
Incorporating trustworthy auxiliary information is critical for improving the efficiency of the pro-
posed imputation methods. Several imputation methods based on auxiliary information have been
developed, with many assuming the MCAR mechanism. These methods seek to increase estimation
accuracy and reduce bias by incorporating more relevant data.

Al-Omari (2011) computed the population mean via modified robust extreme ranked set sam-
pling. Al-Omari et al. (2013) used several imputation procedures to estimate the population mean in
the case of missing data using simple random sampling (SRS) and a known correlation coefficient.
The optimal techniques for obtaining the population mean using imputation of missing data was
developed by Bhushan and Pandey (2016). Prasad (2017) examined a number of ratio exponential
type estimators with imputation for missing data in survey sampling. Sohail et al. (2019) studied
the use of raw moments to impute missing data. Bhushan et al. (2023) used SRS to estimate the
population mean in the presence of missing data. Sohail et al. (2023) conducted a comparative ex-
amination of several imputation methods. Rehman et al. (2024) developed and illustrated a new
mean imputation process using abalone data. Yadav and Prasad (2024a) used a simulation study to
develop a generalised class of factor type exponential imputation methods for population mean. Ku-
mar et al. (2024) proposed some optimal imputation methods for population mean under correlated
measurement errors.

Ranked set sampling (RSS) provides a cost-effective alternative to SRS, especially when rank-
ing units are rather simple and affordable, but exact measurements are costly or time-consuming.
McIntyre (1952) demonstrated the superiority of RSS over SRS in estimating the mean. Dell and
Clutter (1972) provided a formal theoretical basis for using RSS in mean estimation and showed
that it yields an unbiased estimate of the population mean. Several studies have highlighted the ad-
vantages of RSS over SRS for estimating the population mean. Stokes (1977) explicitly compared
RSS with SRS and concluded that RSS substantially reduces variance of the estimator, especially in
highly variable populations. Stokes and Sager (1988) successfully applied RSS in health research by
using simplified ranking to efficiently estimate the biological marker concentrations. Chen et al.
(2005) investigated RSS for efficient estimation of a population proportion. Zamanzadeh and Al-
Omari (2016) introduced a new RSS procedures for estimating the population mean and variance.
Rehman and Shabbir (2022) proposed an efficient class of estimators for the finite population mean
under RSS in the presence of non-response. Zamanzadeh et al. (2024) studied the estimation of a
decreasing mean residual life function based on RSS with applications to survival analysis. Kumar
et al. (2024) introduced novel logarithmic imputation techniques in RSS utilizing multi-auxiliary
information. Koopaei and Zamanzadeh (2025) explored nonparametric estimation of a biometric
function under RSS in the presence of tie information.

Imprecise data refers to information that is inadequate, ambiguous, or variable, making it diffi-
cult to understand with absolute accuracy. Traditional analytical models, which rely on exact and
well-defined values, may fail to interpret such data efficiently, thus leading to mistakes in decision-
making. Managing imprecise data is especially important in industries such as healthcare, banking,
and environmental monitoring, where choices are frequently made based on partial or ambiguous
information. Advanced computational tools such as fuzzy logic, probabilistic models, and neutro-
sophic methods, contribute to these difficulties by allowing for more flexible and adaptable analysis,
which leads to more robust and informed decision-making.

In survey sampling, the researches conducted till date have mostly focused on data that is pre-
cise, exact, and well characterised. When traditional methods are applied to such data, they yield
a single, final estimate, which can sometimes result in an overestimation or underestimation of the
underlying population parameter. This constraint is especially important when working with neu-
trosophic data, which is inherently ambiguous, indeterminate, and imprecise. In such instances, tra-
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ditional estimation procedures frequently fail, emphasizing the necessity for neutrosophic statistics.
Furthermore, data collection can be expensive, especially when working with imprecise or par-
tial information. Estimating an unknown population parameter under imprecise conditions using
classical estimation methods not only expensive but also risky. Literature of survey sampling con-
tains very limited studies for imprecise mean estimation under different sampling schemes. Tahir et
al. (2021) suggested a neutrosophic ratio-based population mean estimation using SRS. Yadav and
Prasad (2024b) introduced neutrosophic estimators for estimating the population mean in survey
sampling. Alomair and Shahzad (2023) introduced neutrosophic mean estimation for sensitive and
non-sensitive variables using robust Hartley-Ross type estimators. For mean estimate, Alqudah et
al. (2024) introduced the neutrosophic robust ratio-type estimator of population mean. Masood et
al. (2024) proposed a robust estimation method to compute the neutrosophic finite median of the
auxiliary variable. Singh and Gupta (2024) explored the combined use of two auxiliary variables
to improve the finite population mean estimation under a neutrosophic framework. Al-Marzouki
and Ahmad (2025) proposed an enhanced class of neutrosophic estimators with an application to
Islamabad Stock Exchange. Alomair and Ahmad (2025) introduced a comprehensive regression-
cum-exponential type estimator for neutrosophic data. Moreover, Shahzad et al. (2025) developed
neutrosophic extensions of Horvitz-Thompson type estimators. Kumar and Kumar (2025a) intro-
duced neutrosophic imputation methods for estimating the population mean of climate data under
SRS. Kumar and Kumar (2025b) introduced a simulation based evaluation of neutrosophic expo-
nential imputations of population mean using NeRSS. Priya and Kumar (2025) proposed the robust
neutrosophic exponential estimators under uncertainty. Kumar and Priya (2026) introduced a novel
class of neutrosophic estimators for mean estimation under indeterminacy.

Numerous imputation methods based on the MCAR mechanism have been proposed in the
literature to address missing values within certain datasets under the RSS framework. These methods
are often built to deal with precisely defined missing values and frequently overlook the inherent
ambiguity and uncertainty that come with missing information under RSS. When uncertainty
is added, missing data becomes much more complex, making traditional imputation techniques
insufficient for precise population parameter estimation. To overcome these issues, we develop some
efficient neutrosophic imputation approaches that can accommodate such complexities and improve
the population mean estimation.

1.1 Notations
The RSS approach has been carefully examined and found to be a more efficient alternative

to the SRS methodology in cases when precise measurements are impossible, expensive, or time-
consuming. This is due to RSS’s use of supplemental population information in the form of rankings,
which results in more accurate estimates with fewer measurements. However, when dealing with
inaccurate, inconsistent, or imprecise data, as is usual in a neutrosophic situation, measurement diffi-
culties become much more obvious. The statistical literature provides various types of neutrosophic
data including quantitative neutrosophic data based on a number inside an undetermined interval
[p, q], where ‘p’ and ‘q’ represent the lower and upper values of the neutrosophic data. The un-
known interval [p, q] based on neutrosophic numbers can be represented in different ways. The
neutrosophic interval values are computed as ZrssN = ZrssL + ZrssU IrssN , where IrssN ∈ [IrssL, IrssU ], N
in the subscript stands for neutrosophic number. This demonstrates that the notations utilized for
neutrosophic data are in an interval form ZrssN ∈ [p, q].

The NeRSS approach utilizes bivariate random samples of size mN ∈ [mL,mU ] units from a
population of size N. Within each sample, the auxiliary variable xN ∈ [xL, xU ] is ranked against the
study variable yN ∈ [yL, yU ]. The ranking of neutrosophic numbers may be simply accomplished
using the method introduced by Smarandache (2005).

In the NeRSS, select the smallest unit from the first set and use it as the starting measuring unit,
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discarding the other units in the set. Similarly, from the second set, select the second smallest unit
and consider it the second measuring unit, discarding the other units in the set. To continue, choose
the mth

N smallest unit from the mth
N collection and utilize it as the mth

N measurement unit, discarding
the remaining units. This procedure concludes a cycle. Repeating this cycle k times results in
a neutrosophic ranked set sample of size nN = mNk ∈ [nL, nU ]. The extraction of NeRSS data
requires a total of m2

Nk units, although only nN = mNk ∈ [nL,nU ] units are necessary for calculation.
Let Xj(i)N ∈ [Xj(i)L,Xj(i)U ] and Yj[i]N ∈ [Yj[i]L, Yj[i]U ], j = 1,2, ...,k; i = 1,2, ...,mN denote a pair of
neutrosophic bivariate quantified sets of the ith units in the jth cycle. The symbols ‘[]’ and ‘()’ in the
subscripts of variables yN and xN represent the imperfect and perfect rankings of units, respectively.

We consider a neutrosophic random sample of size nN , selected from a finite population of N
units. Let xN (i) ∈ [xL, xU ] and yN (i) ∈ [yL, yU ] express the information on the neutrosophic auxil-
iary variable and neutrosophic study variable observed in the ith sample. From the retrieved nN units,
rN represents the number of neutrosophic responsive units. Let PN be the probability of responding
units. The RN is the set of neutrosophic responding units, while R̄N is the set of non-responding
units. The value yN(i) is obtained for each unit i ∈ RN . To complete the dataset, however, the values
for the units i ∈ R̄N must be imputed because they are missing. If the imputation is done using
additional neutrosophic auxiliary information xN(i), then the data xsN = xiN are available because
the value of xN for ith unit is known and positive for all i ∈ sN . It is assumed that ȲN ∈ [ȲL, ȲU ]
and X̄N ∈ [X̄L, X̄U ] are the population means that correspond to the sample means of the neutro-
sophic primary variable yN as well as the neutrosophic auxiliary variable xN , ȳN ∈ [ȳL, ȳU ] and
x̄N ∈ [x̄L, x̄U ], respectively. Suppose that CyN ∈ [CyL , CyU ] and CxN ∈ [CxL , CxU ] for the neutro-
sophic variables yN and xN , are their respective neutrosophic coefficients of variation. With regard
to neutrosophic variables yN and xN , the correlation coefficient is ρxyN .

To determine the mean square error (MSE) MSEN ∈ [MSEL, MSEU ] and BiasN ∈ [BiasL, BiasU ]
of the resulting neutrosophic estimators, the neutrosophic error terms ϵ0N ∈ [ϵ0L, ϵ0U ], ϵ1N ∈
[ϵ1L, ϵ1U ], and ϵ2N ∈ [ϵ2L, ϵ2U ], together with the following expectations:

ϵ0N =
ȳrN ,rss – ȲN

ȲN
, ϵ1N =

x̄rN ,rss – X̄N

X̄N
, ϵ2N =

x̄nN ,rss – X̄N

X̄N
,

E(ϵ0N ) = E(ϵ1N ) = E(ϵ2N ) = 0,

E(ϵ2
0N ) =

C2
yN

mNkPN
–

1
m2

NkPN

mN

∑
i=1

τ2
yN[i]

Ȳ2
N

= V∗
0 ,

E(ϵ2
1N ) =

C2
xN

mNkPN
–

1
m2

NkPN

mN

∑
i=1

τ2
xN(i)

X̄2
N

= V∗
1 ,

E(ϵ2
2N ) =

C2
xN

mNk
–

1
m2

Nk

mN

∑
i=1

τ2
xN(i)

X̄2
N

= V1,

E(ϵ0Nϵ1N ) =
ρxyN CxN CyN

mNkPN
–

1
m2

NkPN

mN

∑
i=1

τxyN[i]

X̄NȲN
= V∗

01,

E(ϵ0Nϵ2N ) =
ρxyN CxN CyN

mNk
–

1
m2

Nk

mN

∑
i=1

τxyN[i]

X̄NȲN
= V01,

E(ϵ1Nϵ2N ) =
C2

xN

mNk
–

1
m2

Nk

mN

∑
i=1

τ2
xN(i)

X̄2
N

= V1,



(1.1)

where τyN[i] = (µyN[i] – ȲN ), τxN(i) = (µxN(i) – X̄N ), τxy[i] = (µxN(i) – X̄N )(µyN[i] – ȲN ), CyN = SyN /ȲN ,
CxN = SxN /X̄N , µyN[i] = E(YN[i]), and µxN(i) = E(XN(i)).
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This article is further divided into different sections. Some well-known neutrosophic imputa-
tion techniques and the related neutrosophic estimators are modified in Section 2 to close the gap
in the literature review. The proposed efficient neutrosophic imputation methods, the resulting
neutrosophic estimators, and their associated properties are provided in Section 3. In Section 4,
the adapted estimators and the proposed resulting estimators are compared. In Section 5, a compre-
hensive simulation investigation is carried out with symmetric and asymmetric hypothetical neutro-
sophic populations. Section 6 analyzes the resultant neutrosophic estimators that have been modified
and suggested using actual data. The study’s conclusion is written in Section 7.

2. Adapted neutrosophic imputation methods
There are currently no neutrosophic imputation methods in the literature for handling missing

data in NeRSS. To fill this gap and evaluate the efficiency of the suggested neutrosophic imputation
methods and consequent estimators, we adapt some fundamental neutrosophic imputation methods
and consequent neutrosophic estimators while taking into account their specific properties.

2.1 Neutrosophic mean imputation method
The conventional mean imputation fails with imprecise datasets because it is dependent on cer-

tainty assumptions. The neutrosophic mean imputation method provides a more comprehensive
and adaptive method for handling missing values by taking into consideration degrees of truth, in-
determinacy, and untruth. In accordance with Lee et al. (1994), the neutrosophic mean imputation
method is as follows when a sample unit ‘i’ is absent and needs to be imputed:

y.im =

{
yiN if i ∈ RN

ȳrN ,rss if i ∈ R̄N

The resulting neutrosophic mean estimate is provided as

Tm = ȳrN ,rss.

The variance of the resultant neutrosophic mean estimator Tm = ȳrN ,rss is provided by

V(Tm) = Ȳ2
NV∗

0 .

When additional neutrosophic auxiliary data are available, the neutrosophic imputation methods
are divided into three schemes, which are detailed below.
Scheme I: When X̄N is available, consider x̄nN ,rss.
Scheme II: When X̄N is available, consider x̄rN ,rss.
Scheme III: When X̄N is not available, consider x̄nN ,rss and x̄rN ,rss.

2.2 Neutrosophic ratio imputation methods
According to Cochran (1977), the ratio estimator perform better when study and auxiliary vari-

ables are positively correlated. Following Cochran (1977), when neutrosophic study and neutro-
sophic auxiliary variables are positively correlated, then the neutrosophic ratio imputation methods
produce efficient results which are described under schemes I-III as
Scheme I

y.ir1 =

{
yiN if i ∈ RN

1
nN –rN

[
nN ȳrN ,rss

(
X̄N

x̄nN ,rss

)
– rN ȳrN ,rss

]
if i ∈ R̄N
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Scheme II

y.ir2 =

{
yiN if i ∈ RN

1
nN –rN

[
nN ȳrN ,rss

(
X̄N

x̄rN ,rss

)
– rN ȳrN ,rss

]
if i ∈ R̄N

Scheme III

y.ir3 =

{
yiN if i ∈ RN

1
nN –rN

[
nN ȳrN ,rss

( x̄nN ,rss
x̄rN ,rss

)
– rN ȳrN ,rss

]
if i ∈ R̄N

The resulting estimators of neutrosophic ratios under schemes I-III are provided by

Tr1 = ȳrN ,rss

(
X̄N

x̄nN ,rss

)
,

Tr2 = ȳrN ,rss

(
X̄N

x̄rN ,rss

)
,

and Tr3 = ȳrN ,rss

(
x̄nN ,rss
x̄rN ,rss

)
.

The approximate MSE of the neutrosophic ratio estimators is given by

MSE(Tr1 ) ≈ Ȳ2
N (V0 + V1 – 2V01),

MSE(Tr2 ) ≈ Ȳ2
N (V∗

0 + V∗
1 – 2V∗

01),

and MSE(Tr3 ) ≈ Ȳ2
N
{

V∗
0 + (V∗

1 – V1) – 2(V∗
01 – V01)

}
.

2.3 Neutrosophic regression imputation methods
When neutrosophic study and neutrosophic auxiliary variables are positively correlated, and the

regression line goes from the origin, then following Cochran (1977) and Diana and Perri (2010), the
traditional neutrosophic regression imputation methods produce efficient results which are described
under schemes I-III as
Scheme I

y.ilr1
=

{
yiN if i ∈ RN

ȳrN ,rss + nNβ1
nN –rN (X̄N – x̄nN ,rss) if i ∈ R̄N

Scheme II

y.ilr2
=

{
yiN if i ∈ RN

ȳrN ,rss + nNβ2
nN –rN (X̄N – x̄rN ,rss) if i ∈ R̄N

Scheme III

y.ilr3
=

{
yiN if i ∈ RN

ȳrN ,rss + nNβ3
nN –rN (x̄nN ,rss – x̄rN ,rss) if i ∈ R̄N

The resulting estimators for neutrosophic regression are provided as

Tlr1 = ȳrN ,rss +β1(X̄N – x̄nN ,rss),

Tlr2 = ȳrN ,rss +β2(X̄N – x̄rN ,rss),

and Tlr3 = ȳrN ,rss +β3(x̄nN ,rss – x̄rN ,rss).
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The regression coefficients are βi, i = 1,2,3. These scalars’ ideal values are provided by

β1(opt) =
RV01

V1
,

β2(opt) =
RV∗

01
V∗

1
,

and β3(opt) =
R(V∗

01 – V01)
(V∗

1 – V1)
.

where R = ȲN /X̄N is the population ratio.
The minimum MSE of the resultant neutrosophic regression estimators is given by

min.MSE(Tlr1 ) = Ȳ2
N

(
V∗

0 –
V2

01
V1

)
,

min.MSE(Tlr2 ) = Ȳ2
N

(
V∗

0 –
V∗2

01
V∗

1

)
,

and min.MSE(Tlr3 ) = Ȳ2
N

{
V∗

0 –
(V∗

01 – V01)2

(V∗
1 – V1)

}
.

2.4 Bhushan et al. (2023) type neutrosophic imputation methods
Searls (1964) suggested pre-multiplying a scalar to the estimator improve its efficiency. Follow-

ing Searls (1964) and Bhushan et al. (2023), we adapt some Searls type neutrosophic regression and
ratio estimators under schemes I-III as
Scheme I

y.ib1
=

{
ζ1yiN if i ∈ RN

ζ1ȳrN ,rss + nNθ1
nN –rN (x̄nN ,rss – X̄N ) if i ∈ R̄N

y.ib4
=

yiN if i ∈ RN

1
nN –rN

(
nNζ4ȳrN ,rss

(
X̄N

x̄nN ,rss

)θ4
– rN ȳrN ,rss

)
if i ∈ R̄N

Scheme II

y.ib2
=

{
ζ2yiN if i ∈ RN

ζ2ȳrN ,rss + nNθ2
nN –rN (x̄rN ,rss – X̄N ) if i ∈ R̄N

y.ib5
=

yiN if i ∈ RN

1
nN –rN

(
nNζ5ȳrN ,rss

(
X̄N

x̄rN ,rss

)θ5
– rN ȳrN ,rss

)
if i ∈ R̄N

Scheme III

y.ib3
=

{
ζ3yiN if i ∈ RN

ζ3ȳrN ,rss + nNθ3
nN –rN (x̄rN ,rss – x̄nN ,rss) if i ∈ R̄N

y.ib6
=

yiN if i ∈ RN

1
nN –rN

(
nNζ6ȳrN ,rss

( x̄nN ,rss
x̄rN ,rss

)θ6
– rN ȳrN ,rss

)
if i ∈ R̄N
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Under the above schemes, the resultant neutrosophic estimators are given as

Tb1 = ζ1ȳrN ,rss +θ1(x̄nN ,rss – X̄N ),

Tb2 = ζ2ȳrN ,rss +θ2(x̄rN ,rss – X̄N ),

Tb3 = ζ3ȳrN ,rss +θ3(x̄rN ,rss – x̄nN ,rss),

Tb4 = ζ4ȳrN ,rss

(
X̄N

x̄nN ,rss

)θ4

,

Tb5 = ζ5ȳrN ,rss

(
X̄N

x̄rN ,rss

)θ5

,

and Tb6 = ζ6ȳrN ,rss

(
x̄nN ,rss
x̄rN ,rss

)θ6

.

where ζi and θi, i = 1,2, ...,6 are suitably chosen scalars.
The minimum MSE of the resultant neutrosophic estimators Tbi , i = 1,2, ...,6 is given by

min.MSE(Tbi ) = Ȳ2
N

(
1 –

H2
i

Gi

)
.

where

H1 = H2 = H3 = 1,

G1 = 1 + V∗
0 –

V2
01

V1
,

G2 = 1 + V∗
0 –

V∗2
01

V∗
1

,

G3 = 1 + V∗
0 –

(V∗
01 – V01)2

(V∗
1 – V1)

,

G4 = 1 + V∗
0 +θ4(2θ4 + 1)V1 – 4θ4V01,

H4 = 1 –θ4V01 +
{
θ4(θ4 + 1)

2

}
V1,

G5 = 1 + V∗
0 +θ5(2θ5 + 1)V∗

1 – 4θ5V∗
01,

H5 = 1 –θ5V∗
01 +
{
θ5(θ5 + 1)

2

}
V∗

1 ,

G6 = 1 + V∗
0 +θ6(2θ6 + 1)(V∗

1 – V1) – 4θ6(V∗
1 – V01),

H6 = 1 –θ6(V∗
01 – V01) +

{
θ6(θ6 + 1)

2

}
(V∗

1 – V1).

3. Proposed neutrosophic imputation methods
In survey sampling, dealing with the missingness in uncertain data is a big issue for survey

practitioners. To overcome this issue, we propose some efficient neutrosophic imputation methods
for the population mean using SRS. These imputation methods are provided under schemes I-III as
follows:
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Kumar & Kumar

Scheme I

y.iv1
=



yiN if i ∈ RN

1
nN –rN

nN


 α1ȳrN ,rss+

γ1ȳrN ,rss

{
X̄N

θN x̄nN ,rss + (1 –θN )X̄N

}g


×
{

1 + log
(

x̄nN ,rss

X̄N

)}ϕ1

– rN ȳrN ,rss

 if i ∈ R̄N

y.iv4
=


yiN if i ∈ RN

1
nN –rN

nN

 {α4ȳrN ,rss +γ4(x̄nN ,rss – X̄N )}

×
{

1 + log
(

x̄nN ,rss

X̄N

)}ϕ4

– rN ȳrN ,rss

 if i ∈ R̄N

Scheme II

y.iv2
=



yiN if i ∈ RN

1
nN –rN

nN


 α2ȳrN ,rss+

γ2ȳrN ,rss

{
X̄N

θN x̄rN ,rss + (1 –θN )X̄N

}g


×
{

1 + log
(

x̄rN ,rss

X̄N

)}ϕ2N

– rN ȳrN ,rss

 if i ∈ R̄N

y.iv5
=


yiN if i ∈ RN

1
nN –rN

nN

 {α5ȳrN ,rss +γ5(x̄rN ,rss – X̄N )}

×
{

1 + log
(

x̄rN ,rss

X̄N

)}ϕ5

– rN ȳrN ,rss

 if i ∈ R̄N

Scheme III

y.iv3
=



yiN if i ∈ RN

1
nN –rN

nN


 α3ȳrN ,rss+

γ3ȳrN ,rss

{
x̄nN ,rss

θN x̄rN ,rss + (1 –θN )x̄nN ,rss

}g


×
{

1 + log
(

x̄rN ,rss
x̄nN ,rss

)}ϕ3

– rN ȳrN ,rss

 if i ∈ R̄N

y.iv6
=


yiN if i ∈ RN

1
nN –rN

nN

 {α6ȳrN ,rss +γ6(x̄rN ,rss – x̄nN ,rss)}

×
{

1 + log
(

x̄rN ,rss
x̄nN ,rss

)}ϕ6

– rN ȳrN ,rss

 if i ∈ R̄N
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The resultant proposed neutrosophic estimators under schemes I-III are provided as

Tv1 =
[
α1ȳrN ,rss +γ1ȳrN ,rss

{
X̄N

θN x̄nN ,rss + (1 –θN )X̄N

}g]{
1 + log

(
x̄nN ,rss

X̄N

)}ϕ1

,

Tv2 =
[
α2ȳrN ,rss +γ2ȳrN ,rss

{
X̄N

θN x̄rN ,rss + (1 –θN )X̄N

}g]{
1 + log

(
x̄rN ,rss

X̄N

)}ϕ2

,

Tv3 =
[
α3ȳrN ,rss +γ3ȳrN ,rss

{
x̄nN ,rss

θN x̄rN ,rss + (1 –θN )x̄nN ,rss

}g]{
1 + log

(
x̄rN ,rss
x̄nN ,rss

)}ϕ3

,

Tv4 =
{
α4ȳrN ,rss +γ4(x̄nN ,rss – X̄N )

}
×
{

1 + log
(

x̄nN ,rss

X̄N

)}ϕ4

,

Tv5 =
{
α5ȳrN ,rss +γ5(x̄rN ,rss – X̄N )

}
×
{

1 + log
(

x̄rN ,rss

X̄N

)}ϕ5

,

Tv6 =
{
α6ȳrN ,rss +γ6(x̄rN ,rss – x̄nN ,rss)

}
×
{

1 + log
(

x̄rN ,rss
x̄nN ,rss

)}ϕ6

,

where the scalars being optimized are αi, i = 1,2, ...,6, γi, and ϕi. Additionally, in order to develop
various enhanced neutrosophic imputation techniques and the related resultant estimators, g and θN
are constants that take real values.

Theorem 3.1. For the resulting neutrosophic suggested estimators Tvi , i = 1,2, ...,6, the minimum MSE is
provided by

min.MSE(Tvi ) = Ȳ2
N

(
1 –

AiE2
i + BiD2

i – 2CiDiEi

AiBi – C2
i

)
(3.1)

where

A1 = 1 + V∗
0 + 2ϕ1(ϕ1 – 1)V1 + 4ϕ1V01,

B1 = 1 + V∗
0 + {2ϕ1(ϕ1 – 1) + g(g + 1)θ2

N + g2θ2
N – 4ϕ1gθN}V1 + 4(ϕ1 – gθN )V01,

C1 = 1 + V∗
0 +
{

g(g + 1)
2

θ2
N – 2ϕ1gθN + 2ϕ1(ϕ1 – 1)

}
V1 + 2(2ϕ1 – gθN )V01,

D1 = 1 +
{
ϕ1(ϕ1 – 2)

2

}
V1 +ϕ1V01,

E1 = 1 +
{

g(g + 1)
2

θ2
N –ϕ1gθN +

ϕ1(ϕ1 – 2)
2

}
V1 + (ϕ1 – gθN )V01,

A2 = 1 + V∗
0 + 2ϕ2(ϕ2 – 1)V∗

1 + 4ϕ2V∗
01,

B2 = 1 + V∗
0 + {2ϕ2(ϕ2 – 1) + g(g + 1)θ2

N + g2θ2
N – 4ϕ2gθN}V∗

1 + 4(ϕ2 – gθN )V∗
01,

C2 = 1 + V∗
0 +
{

g(g + 1)
2

θ2
N – 2ϕ2gθN + 2ϕ2(ϕ2 – 1)

}
V∗

1 + 2(2ϕ2 – gθN )V∗
01,

D2 = 1 +
{
ϕ2(ϕ2 – 2)

2

}
V∗

1 +ϕ2V∗
01,

10 Braz. J. Biom., v.44, e-44969, 2026.
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E2 = 1 +
{

g(g + 1)
2

θ2
N –ϕ2gθN +

ϕ2(ϕ2 – 2)
2

}
V∗

1 + (ϕ2 – gθN )V∗
01,

A3 = 1 + V∗
0 + 2ϕ3(ϕ3 – 1)(V∗

1 – V1) + 4ϕ3(V∗
01 – V01),

B3 = 1 + V∗
0 + {2ϕ3(ϕ3 – 1) + g(g + 1)θ2

N + g2θ2
N – 4ϕ3gθN}(V∗

1 – V1) + 4(ϕ3 – gθN )(V∗
01 – V01),

C3 = 1 + V∗
0 +
{

g(g + 1)
2

θ2
N – 2ϕ3gθN + 2ϕ3(ϕ3 – 1)

}
(V∗

1 – V1) + 2(2ϕ3 – gθN )(V∗
01 – V01),

D3 = 1 +
{
ϕ3(ϕ3 – 2)

2

}
(V∗

1 – V1) +ϕ3(V∗
01 – V01),

E3 = 1 +
{

g(g + 1)
2

θ2
N –ϕ3gθN +

ϕ3(ϕ3 – 2)
2

}
(V∗

1 – V1) + (ϕ3 – gθN )(V∗
01 – V01),

A4 = 1 + V∗
0 + 2ϕ4(ϕ4 – 1)V1 + 4ϕ4V01,

B4 = V1/R2,
C4 = (2ϕ4V1 + V01)/R,

D4 = 1 +
{
ϕ4(ϕ4 – 2)

2

}
V1 +ϕ4V01,

E4 = ϕ4V1/R,
A5 = 1 + V∗

0 + 2ϕ5(ϕ5 – 1)V∗
1 + 4ϕ5V∗

01,

B5 = V∗
1 /R2,

C5 = (2ϕ5V∗
1 + V∗

01)/R,

D5 = 1 +
{
ϕ5(ϕ5 – 2)

2

}
V∗

1 +ϕ5V∗
01,

E5 = ϕ5V∗
01/R,

A6 = 1 + V∗
0 + 2ϕ6(ϕ6 – 1)(V∗

1 – V1) + 4ϕ6(V∗
01 – V01),

B6 = (V∗
1 – V1)/R2,

C6 = {2ϕ6(V∗
1 – V1) + (V∗

01 – V01)}/R,

D6 = 1 +
{
ϕ6(ϕ6 – 2)

2

}
(V∗

1 – V1) +ϕ6(V∗
01 – V01),

E6 = ϕ6(V∗
1 – V1)/R.

Proof. Appendix A provides an outline of the proof.

4. Theoretical comparisons
To evaluate efficiency, bias, and mean square error in survey sampling, theoretical comparisons

of the suggested and modified imputation techniques and their accompanying estimators are essen-
tial. These comparisons ensure robustness and applicability in real-life surveys by illuminating the
circumstances in which the suggested estimators perform better than the adapted ones. By offer-
ing a solid mathematical basis for suggesting better estimating methods, these comparisons raise the
precision and dependability of survey findings. The MSE of the proposed and modified resultant
neutrosophic estimators is compared under the following lemmas in order to conduct theoretical
comparisons because of their significance.
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Lemma 4.1. The neutrosophic mean estimator Tm under schemes I-III is dominated by the suggested
neutrosophic estimators Tvi , i = 1,2, ...,6, if

min.MSE(Tvi ) < V(Tm) =⇒ AiE2
i + BiD2

i – 2CiDiEi

AiBi – C2
i

> 1 – V∗
0 .

Lemma 4.2. (i). Under scheme I, the neutrosophic ratio estimator Tr1 is subordinated to the suggested
neutrosophic estimators Tvi , i = 1,4, if

min.MSE(Tvi ) < MSE(Tr1 )

=⇒ AiE2
i + BiD2

i – 2CiDiEi

AiBi – C2
i

> 1 – V0 – V1 + 2V01.

(ii). The proposed neutrosophic estimators Tvi , i = 2,5 dominate the neutrosophic ratio estimator Tr2 under
scheme II, if

min.MSE(Tvi ) < MSE(Tr2 )

=⇒ AiE2
i + BiD2

i – 2CiDiEi

AiBi – C2
i

> 1 – V∗
0 – V∗

1 + 2V∗
01.

(iii). The proposed neutrosophic estimators Tvi , i = 3,6 dominate the neutrosophic ratio estimator Tr3 under
scheme III, if

min.MSE(Tvi ) < MSE(Tr3 )

=⇒ AiE2
i + BiD2

i – 2CiDiEi

AiBi – C2
i

> 1 – V∗
0 – (V∗

1 – V1) + 2(V∗
01 – V01).

Lemma 4.3. (i). The suggested neutrosophic estimators Tvi , i = 1,4 is the dominant factor in scheme I of
the neutrosophic regression estimator Tlr1 , if

min.MSE(Tvi ) < min.MSE(Tlr1 )

=⇒ AiE2
i + BiD2

i – 2CiDiEi

AiBi – C2
i

> 1 – V∗
0 +

V2
01

V1
.

(ii). The proposed neutrosophic estimators Tvi , i = 2,5 dominate the neutrosophic regression estimator Tlr2
under scheme II, if

min.MSE(Tvi ) < min.MSE(Tlr2 )

=⇒ AiE2
i + BiD2

i – 2CiDiEi

AiBi – C2
i

> 1 – V∗
0 +

V∗2
01

V∗
1

.

(iii). The proposed neutrosophic estimators Tvi , i = 3,6 dominate the neutrosophic regression estimator Tlr3
under scheme III, if

min.MSE(Tvi ) < min.MSE(Tlr3 )

=⇒ AiE2
i + BiD2

i – 2CiDiEi

AiBi – C2
i

> 1 – V∗
0 +

(V∗
01 – V01)2

(V∗
1 – V1)

.
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Lemma 4.4. (i). The proposed neutrosophic estimators Tvi , i = 1,4 dominate Searls type neutrosophic
difference estimator Tb1 and Searls type neutrosophic ratio estimator Tb4 both envisaged on the lines of Bhushan
et al. (2023) under scheme I, if

min.MSE(Tvi ) < min.MSE(Tbi ), i = 1,4

=⇒ AiE2
i + BiD2

i – 2CiDiEi

AiBi – C2
i

>
H2

i
Gi

.

(ii). The proposed neutrosophic estimator Tvi , i = 2,5 dominate Searls type neutrosophic difference estimator
Tb2 and Searls type neutrosophic ratio estimator Tb5 both envisaged on the lines of Bhushan et al. (2023)
under scheme II, if

min.MSE(Tvi ) < min.MSE(Tbi ), i = 2,5

=⇒ AiE2
i + BiD2

i – 2CiDiEi

AiBi – C2
i

>
H2

i
Gi

.

(iii). The proposed neutrosophic estimator Tvi , i = 3,6 dominate Searls type neutrosophic difference estimator
Tb3 and Searls type neutrosophic ratio estimator Tb6 both envisaged on the lines of Bhushan et al. (2023)
under scheme III, if

min.MSE(Tvi ) < min.MSE(Tbi ), i = 3,6

=⇒ AiE2
i + BiD2

i – 2CiDiEi

AiBi – C2
i

>
H2

i
Gi

.

5. Simulation study
Simulation is useful in survey research because it allows researchers to examine and enhance the

developed estimation procedures. It is useful for determining the impact of missing data, testing
imputation methods, and analysing potential biases. In this section, following Singh and Horn
(1998) and Kumar and Kumar (2025c), a simulation study is performed using a neutrosophic normal
population and a neutrosophic Weibull population. The data for these populations are generated
using the following models:

yN = 12.9 +
√

(1 –ρ2
xyN )y∗N +ρxyN

(SyN

SxN

)
x∗N

and xN = 12.5 + x∗N .

 (5.1)

Neutrosophic variables x∗N and y∗N in the models given in (5.1) are based on different neutrosophic
distributions. The simulation study is explained in the following points.

(i). The models in (5.1) are used to generate the normal and Weibull populations. The details of
these populations are given as follows:
(a). Generate a normal population from neutrosophic normal distribution (NND) with x∗N ∼
NND([19, 22], [28, 30]), y∗N ∼ NND([16, 18], [30, 32]), and several values of neutrosophic
correlation coefficient ρxyN ∈ ([0.1, 0.2], [0.3, 0.4], [0.5, 0.6], [0.7, 0.8]).
(b). Generate a Weibull population from neutrosophic Weibull distribution (NWD) of size
N = 1200 with x∗N ∼ NWD([0.16, 0.18], [0.22, 0.24]), y∗N ∼ NWD([0.14, 0.16], [0.24, 0.26]),
and several values of neutrosophic correlation coefficient ρxyN ∈ ([0.1, 0.2], [0.3, 0.4], [0.5, 0.6]
, [0.7, 0.8]).
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(ii). Select a neutrosophic ranked set sample of size nN = [12, 12] with set size mN = [3,3] and number
of cycles k = 4 from the neutrosophic normal and neutrosophic Weibull populations generated
in point (i).

(iv). Based on 10,000 iterations, compute the MSEN ∈ [MSEL,MSEU ] and PREN ∈ [PREL,PREU ]
of the resulting neutrosophic estimators for the responding probability PN = [0.67, 0.67] and
the samples nN taken in the previous step utilizing the respective expression provided in (5.2).

MSE(T∗) =
1

10,000

10,000

∑
j=1

(T∗
j – ȲN )2

and PRE =
V(ȳrN ,rss)
MSE(T∗

j )
×100,

 (5.2)

where T∗
j = Tm, Tri , i = 1,2,3, Tlri , Tbi , i = 1,2, ...,6, Tvi , i = 1,2, ...,6.

The simulation codes may be provided to the reader upon reasonable request to the correspond-
ing author. Tables 1 and 2 show the simulated MSEN ∈ [MSEL,MSEU ], while Tables 3 and 4 show
the simulated PREN ∈ [PREL,PREU ] for neutrosophic normal and neutrosophic Weibull popula-
tions, respectively.

5.1 Discussion of simulation findings
In order to have better understanding about the performance of the resulting neutrosophic es-

timators, we discussed the simulation findings reported from Tables 1-4 in the following points:

(i). The neutrosophic normal and neutrosophic Weibull populations’ MSEN is shown in Tables 1 and
2, respectively. The results under schemes I-III demonstrate that the recommended resulting
neutrosophic estimators Tvi , i = 1,2, ...,6 achieve the lowest MSEN for each chosen value of
ρxyN when compared to the adapted resulting neutrosophic estimators Tm, neutrosophic ratio
and regression estimators Tri , i = 1,2,3, and Tlri , and Bhushan et al. (2023) type neutrosophic
estimators Tbi , i = 1,2, ...,6. This demonstrate the improved performance and accuracy of the
suggested neutrosophic imputation methods over the adapted ones, while processing imprecise
data.

(ii). Tables 3 and 4 exhibit PREN for the neutrosophic normal and neutrosophic Weibull popula-
tions, respectively. Under schemes I-III, the findings show that the suggested resulting neu-
trosophic estimators Tvi , i = 1,2, ...,6 achieve the highest PREN for each selected value of ρxyN
compared to the adapted resulting neutrosophic estimators such as neutrosophic mean estima-
tor Tm, neutrosophic ratio and regression estimators Tri , i = 1,2,3 and Tlri , and Bhushan et al.
(2023) type neutrosophic estimators Tbi , i = 1,2, ...,6. These findings demonstrate the improved
performance and accuracy of the suggested neutrosophic imputation methods over the adapted
ones while dealing with missingness in imprecise data.

(iii). Tables 1 and 2 demonstrate that, for any value of ρxyN , the MSEN of the resulting neutrosophic
mean estimator Tm is essentially stable. However, under schemes I-III, the MSEN of the adapted
resulting neutrosophic ratio and regression estimators Tri , i = 1,2,3 and Tlri , Bhushan et al. (2023)
type neutrosophic estimators Tbi , i = 1,2, ...,6, and the proposed neutrosophic estimators Tvi , i =
1,2, ...,6 steadily reduces as ρxyN varies from minimum to maximum value. Furthermore, an
opposite behaviour can be seen in PREN of all resulting neutrosophic estimators reported in
Tables 3-4.

(v). In both populations, the suggested resulting neutrosophic estimators perform much superior
in scheme II than in schemes I and III. This improved superiority of the proposed estimators
in scheme II demonstrates that they are particularly well-suited for scenarios in which certain
underlying conditions closely match the neutrosophic characteristics modelled in this class.
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Table 1. MSEN ∈ [MSEL, MSEU ] of the neutrosophic estimators using neutrosophic normal population

ρxyN

Estimators [0.1, 0.2] [0.3, 0.4] [0.5, 0.6] [0.7, 0.8]

Tm [105.47, 119.52] [104.66, 118.69] [104.04, 118.17] [103.80, 118.25]
Scheme I
Tr1 [147.55, 155.83] [127.37, 130.19] [101.43, 98.21] [70.64, 61.09]
Tlr1 [102.91, 113.20] [94.20, 99.06] [78.11, 76.64] [54.81, 46.04]

Tb1 [89.43, 100.65] [84.94, 90.96] [72.43, 72.14] [51.97, 44.13]

Tb4 [89.06, 99.94] [84.17, 90.13] [71.77, 71.58] [51.62, 43.79]

Tv1 [87.72, 97.89] [81.81, 87.14] [68.74, 68.15] [48.51, 40.77]
Tv4 [88.35, 98.48] [82.28, 87.54] [69.03, 68.37] [48.64, 40.68]
Scheme II
Tr2 [168.28, 173.71] [138.56, 135.86] [100.14, 88.38] [54.30, 32.93]
Tlr2 [101.64, 110.08] [89.04, 89.39] [65.33, 56.18] [30.68, 10.47]

Tb2 [88.44, 98.11] [80.62, 82.56] [61.06, 53.32] [29.19, 9.38]

Tb5 [87.90, 97.06] [79.49, 81.35] [60.09, 52.39] [28.32, 9.14]

Tv2 [85.81, 93.91] [75.89, 76.90] [55.74 47.82] [ 24.61, 5.26]
Tv5 [86.82, 94.88] [76.70, 77.60] [56.27, 48.21] [24.88, 4.40]
Scheme III
Tr3 [126.20, 137.41] [115.85, 124.36] [102.76, 108.34] [87.47, 90.10]
Tlr3 [104.21, 116.41] [99.50, 109.02] [91.27, 97.71] [79.67, 82.69]

Tb3 [90.44, 103.23] [89.31, 99.44] [83.80, 90.85] [74.35, 77.90]

Tb6 [90.26, 102.88] [88.92, 99.01] [83.47, 90.58] [74.24, 77.93]

Tv3 [89.62, 101.90] [87.78, 97.53] [81.92, 88.73] [72.40, 75.85]
Tv6 [89.91, 102.16] [87.99, 97.70] [82.03, 88.80] [72.43, 75.85]
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Table 2. MSEN ∈ [MSEL, MSEU ] of the neutrosophic estimators using neutrosophic Weibull population

ρxyN

Estimators [0.1, 0.2] [0.3, 0.4] [0.5, 0.6] [0.7, 0.8]

Tm [6033199.00, 284661.80] [6010295.00, 283233.30] [5974129.00, 281093.20] [5926407.00, 278320.40]
Scheme I
Tr1 [7403271.00, 319327.50] [6443014.00, 278536.90] [5407441.00, 232335.60] [4256552.00, 178982.10]
Tlr1 [5939181.00, 272798.30] [5511217.00, 242961.30] [4690293.00, 194882.30] [3501263.00, 130013.40]

Tb1 [2685482.00, 129357.50] [2624679.00, 123540.80] [2429451.00, 109618.40] [2045830.00, 83659.56]

Tb4 [2644725.00, 126934.70] [2552032.00, 122308.30] [2408262.00, 112972.60] [2132497.00, 87042.41]

Tv1 [1837017.00, 94836.39] [1643987.00, 84665.85] [1388988.00, 69833.20] [1029821.00, 44474.77]
Tv4 [2551850.00, 118152.30] [2210653.00, 100282.40] [1720274.00, 74471.26] [1116788.00, 38560.78]
Scheme II
Tr2 [8078083.00, 336401.60] [6656144.00, 276223.70] [5128326.00, 208320.70] [3434085.00, 130054.30]
Tlr2 [5892874.00, 266955.10] [5265402.00, 223125.80] [4057955.00, 152420.20] [2306789.00, 56966.70]

Tb2 [2675966.00, 128004.80] [2565935.00, 117976.80] [2238865.00, 93711.08] [1523223.00, 38531.00]

Tb5 [2615058.00, 124387.80] [2457534.00, 116131.20] [2204259.00, 97403.14] [1810829.00, 61303.98]

Tv2 [1107090.00, 68417.89] [913583.10, 54341.81] [574608.00, 32690.35] [197619.10, 13082.49]
Tv5 [2476591.00, 111331.20] [1952091.00, 83822.87] [1211179.00, 41740.28] [245636.30, 19000.67]
Scheme III
Tr3 [6708011.00, 301735.90] [6223425.00, 280920.20] [5695014.00, 257078.30] [5103941.00, 229392.60]
Tlr3 [5986892.00, 278818.60] [5764481.00, 263397.80] [5341792.00, 238631.10] [4731933.00, 205273.70]

Tb3 [2695158.00, 130707.40] [2681748.00, 128750.70] [2598449.00, 122771.30] [2432365.00, 111867.30]

Tb6 [2675111.00, 129514.60] [2645976.00, 128136.00] [2587848.00, 124517.10] [2483622.00, 117470.50]

Tv3 [2338190.00, 115541.50] [2244073.00, 110972.40] [2112847.00, 103737.40] [1930922.00, 92924.83]
Tv6 [2629317.00, 125172.00] [2476503.00, 117108.00] [2240467.00, 104543.50] [1911764.00, 86611.53]
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Table 3. PREN ∈ [PREL, PREU ] of the neutrosophic estimators using neutrosophic normal population

ρxyN

Estimators [0.1, 0.2] [0.3, 0.4] [0.5, 0.6] [0.7, 0.8]

Tm [100, 100] [100, 100] [100, 100] [100, 100]
Scheme I
Tr1 [71.48, 76.70] [82.16, 91.16] [102.57, 120.32] [146.95, 193.57]
Tlr1 [102.49, 105.58] [111.10, 119.81] [133.20, 154.18] [189.36, 256.82]

Tb1 [117.93, 118.74] [123.21, 130.47] [143.64, 163.80] [199.71, 267.93]

Tb4 [118.42, 119.59] [124.34, 131.68] [144.96, 165.08] [201.09, 270.04]

Tv1 [120.23, 122.09] [127.93, 136.20] [151.35, 173.40] [213.97, 290.04]
Tv4 [119.37, 121.36] [127.19, 135.58] [150.71, 172.84] [213.41, 290.63]
Scheme II
Tr2 [62.67, 68.80] [75.53, 87.36] [103.89, 133.70] [191.16, 359.08]
Tlr2 [103.76, 108.57] [117.53, 132.78] [159.24, 210.32] [338.26, 1128.42]

Tb2 [119.25, 121.82] [129.81, 143.75] [170.38, 221.63] [355.60, 1260.65]

Tb5 [119.99, 123.14] [131.65, 145.89] [173.14, 225.53] [366.50, 1293.76]

Tv2 [122.91, 127.27] [137.89, 154.32] [186.64, 247.09] [421.80, 2246.33]
Tv5 [121.48, 125.97] [136.45, 152.95] [184.88, 245.11] [417.21, 2687.56]
Scheme III
Tr3 [83.57, 86.98] [90.34 95.44] [101.25, 109.07] [118.67, 131.25]
Tlr3 [101.21, 102.67] [105.17, 108.86] [113.99, 120.93] [130.28, 143.01]

Tb3 [116.61, 115.77] [117.18, 119.36] [124.14, 130.06] [139.60, 151.79]

Tb6 [116.85, 116.17] [117.69, 119.87] [124.64, 130.45] [139.82, 151.73]

Tv3 [117.68, 117.29] [119.22, 121.68] [127.00, 133.18] [143.36, 155.89]
Tv6 [117.30, 116.99] [118.94, 121.48] [126.82, 133.06] [143.30, 155.90]
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Table 4. PREN ∈ [PREL, PREU ] of the neutrosophic estimators using neutrosophic Weibull population

ρxyN

Estimators [0.1, 0.2] [0.3, 0.4] [0.5, 0.6] [0.7, 0.8]

Tm [100, 100] [100, 100] [100, 100] [100, 100]
Scheme I
Tr1 [81.49, 89.14] [93.28, 101.68] [110.47, 120.98] [139.23, 155.50]
Tlr1 [101.58, 104.34] [109.05, 116.57] [127.37, 144.23] [169.26, 214.07]

Tb1 [224.65, 220.05] [228.99, 229.26] [245.90, 256.42] [289.68, 332.68]

Tb2 [228.12, 224.25] [235.51, 231.57] [248.06, 248.81] [277.90, 319.75]

Tv1 [328.42, 300.16] [365.59, 334.53] [430.10, 402.52] [575.47, 625.79]
Tv4 [236.42, 240.92] [271.87, 282.43] [347.27, 377.45] [530.66, 721.77]
Scheme II
Tr2 [74.68, 84.61] [90.29, 102.53] [116.49, 134.93] [172.57, 214.00]
Tlr2 [102.38, 106.63] [114.14, 126.93] [147.22, 184.41] [256.91, 488.56]

Tb2 [225.45, 222.38] [234.23, 240.07] [266.83, 299.95] [389.07, 722.32]

Tb5 [230.71, 228.85] [244.56, 243.89] [271.02, 288.58] [327.27, 454.00]

Tv2 [544.96, 416.06] [657.88, 521.20] [1039.68, 859.86] [1622.76, 2127.42]
Tv5 [243.60, 255.68] [307.89, 337.89] [493.24, 673.43] [512.67, 671.72]
Scheme III
Tr3 [89.94, 94.34] [96.57, 100.82] [104.90, 109.34] [116.11, 121.32]
Tlr3 [100.77, 102.09] [104.26, 107.53] [111.83, 117.79] [125.24, 135.58]

Tb3 [223.85, 217.78] [224.11, 219.98] [229.91, 228.95] [243.64, 248.79]

Tb6 [225.53, 219.79] [227.14, 221.04] [230.85, 225.74] [238.61, 236.92]

Tv3 [258.02, 246.37] [267.82, 255.22] [282.75, 270.96] [306.92, 299.51]
Tv6 [229.45, 227.41] [242.69, 241.85] [266.64, 268.87] [309.99, 321.34]

6. Real data application
Real data insights are important in survey sampling because they give an accurate depiction

of population features, establishing a connection between conceptual models and practical applica-
tions. It is an open source dataset that includes the daily stock price of “Moderna" https://finance.
yahoo.com/quote/MRNA/history/. From 1 September 2020 to 1 September 2021, the neutro-
sophic survey variable yN ∈ [yL, yU ] represents the stock’s daily fluctuating price, and the neutro-
sophic auxiliary variable xN ∈ [xL, xU ] represents the stock’s daily fluctuating price from 1 Septem-
ber 2019 to 1 September 2020. Table 5 reports the descriptive statistics needed to compute the
MSEN ∈ [MSEL, MSEU ] and PREN ∈ [PREL, PREU ]. Utilizing these descriptive, we have calcu-
lated MSEN and PREN for the resulting neutrosophic estimators and reported the findings in Table
6. The PREN is calculated utilizing the formula given below.

PREN =
V(ȳrN ,rss)
MSE(T∗)

×100, (6.1)

where T∗ represents the resulting adapted and suggested neutrosophic estimators.
The findings of real data reported in Table 6 exhibit that the MSEN of the proposed neutrosophic

estimators Tvi , i = 1,2, ...,6 is minimum compared to the MSEN of the adapted neutrosophic estima-
tors such as neutrosophic sample mean ȳN , neutrosophic ratio and regression estimators Tri , i = 1,2,3
and Tlri , and Bhushan et al. (2023) type neutrosophic estimators Tbi , i = 1,2, ...,6. Furthermore,
the real data findings of Table 6 exhibit that the PREN of the suggested neutrosophic estimators

18 Braz. J. Biom., v.44, e-44969, 2026.

https://finance.yahoo.com/quote/MRNA/history/
https://finance.yahoo.com/quote/MRNA/history/


Kumar & Kumar

Tvi , i = 1,2, ...,6 is highest compared to the PREN of the adapted neutrosophic estimators. Addi-
tionally, in scheme II, the performance of the proposed and modified neutrosophic estimators is
significantly better than in schemes I and III.

Table 5. Descriptive statistics of real dataset

Desriptive statistics Dataset

NN [252, 252]
nN [12, 12]
mN [3, 3]
k 4

PN [0.67, 0.67]
ȲN [162.973, 174.228]
X̄N [35.94, 38.762]
CyN [0.547, 0.559]
CxN [0.603, 0.607]
ρxyN [0.829, 0.804)

Table 6. MSEN and PREN of neutrosophic estimators for real dataset

Estimators [MSEL, MSEU ] [PREL, PREU ]

Tm [2009.32, 2337.18] [100.00, 100.00]
Scheme I

Tr1 [2207.91, 2553.52] [91.00, 91.52]
Tlr1 [1908.74, 2206.90] [105.26, 105.90]

Tb1 [1817.40, 2102.26] [110.55, 111.17]

Tb4 [1809.35, 2092.47] [111.05, 111.69]

Tv1 [1793.87, 2073.28] [112.01, 112.72]
Tv4 [1795.72, 2075.48] [111.89, 112.60]

Scheme II
Tr2 [2305.71, 2660.08] [87.14, 87.86]
Tlr2 [1859.20, 2142.74] [108.07, 109.07]

Tb2 [1772.44, 2043.96] [113.36, 114.34]

Tb5 [1760.57, 2029.57] [114.12, 115.15]

Tv2 [1737.10, 2000.47] [115.67, 116.83]
Tv5 [1740.02, 2003.95] [115.47, 116.62]

Scheme III
Tr3 [2107.13, 2443.74] [95.35, 95.63]
Tlr3 [1959.78, 2273.01] [102.52, 102.82]

Tb3 [1863.62, 2162.17] [107.81, 108.09]

Tb6 [1859.59, 2157.26] [108.05, 108.33]

Tv3 [1852.10, 2147.97] [108.48, 108.80]
Tv6 [1852.95, 2148.99] [108.43, 108.75]
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7. Conclusions
In survey sampling, the conventional imputation methods frequently struggle to deal with the

missing values in uncertain and imprecise data, producing biassed and sometimes misleading results.
On the other hand, the neutrosophic imputation methods based on neutrosophic logic, offer a more
complete approach by taking into account three critical dimensions namely, truth, indeterminacy,
and falsity. Some effective neutrosophic imputation techniques were presented in this study, to-
gether with the resulting efficient neutrosophic population mean estimators and their first-order
estimated attributes, including bias and MSE. Under the obtained theoretical assumptions, the pro-
posed neutrosophic imputation methods consistently yield more accurate and trustworthy estimates
than the adapted neutrosophic imputation methods. A comprehensive simulation investigation us-
ing neutrosophic normal and neutrosophic Weibull datasets validated the theoretical findings. Ac-
cording to the simulation results, the suggested neutrosophic imputations performed better than
the modified ones. Additionally, the results of a practical application utilizing imprecise stock price
data show how applicable and useful neutrosophic imputation techniques are, highlighting their
significance in enhancing the caliber and dependability of statistical inference. Thus, the proposed
neutrosophic imputation methods may be recommended to estimate the population mean in the
case of missing values in imprecise data.

In forthcoming studies, this article may be extended for the population proportion estimation
under neutrosophic environment using RSS and extreme RSS (e.g., Zamanzadeh and Wang (2018)
and Zamanzadeh and Mahdizadeh (2020)).

Acknowledgments
The authors express gratitude to the Editor-in-Chief and knowledgeable referees for their valu-

able and insightful suggestions, which have been both inspiring and fruitful.

Data availability
The real data used in this study can be obtained from open source database https://finance.yahoo.

com/quote/MRNA/history/.

Conflicts of Interest
The authors declare no conflict of interest.

Author Contributions
Conceptualization: KUMAR, A. Data curation: KUMAR, V. Formal analysis: KUMAR,

V. Investigation: KUMAR, V.; KUMAR, A. Methodology: KUMAR, A. Software: KUMAR,
V. Resources: KUMAR, V.; KUMAR, A. Supervision: KUMAR, A. Validation:KUMAR, V.;
KUMAR, A. Visualization: KUMAR, V.; KUMAR, A. Writing - original draft: KUMAR, V.;
KUMAR, A. Writing - review and editing: KUMAR, V.; KUMAR, A.

References
[1] Al-Omari, A.I. Estimation of mean based on modified robust extreme ranked set sampling. Jour-

nal of Statistical Computation and Simulation, 81(8), 1055-1066 (2011). https://doi.org/10.1080/
00949651003649161

[2] Al-Omari, A.I., Bouza, C.N. & Herrera, C. Imputation methods of missing data for estimating
the population mean using simple random sampling with known correlation coefficient. Quality
& Quantity, 47, 353-365 (2013). https://doi.org/10.1007/s11135-011-9522-1

20 Braz. J. Biom., v.44, e-44969, 2026.

https://finance.yahoo.com/quote/MRNA/history/
https://finance.yahoo.com/quote/MRNA/history/
https://doi.org/10.1080/00949651003649161
https://doi.org/10.1080/00949651003649161
https://doi.org/10.1007/s11135-011-9522-1


Kumar & Kumar

[3] Alqudah, M.A., Zayed, M., Subzar, M. & Wani, S.A. Neutrosophic robust ratio type estimator
for estimating finite population mean. Heliyon, 10(8), 1-12 (2024). https://doi.org/10.1016/j.
heliyon.2024.e28934

[4] Al-Marzouki, S., & Ahmad, S. An enhanced class of estimators for the population mean using
neutrosophic statistics: a case study of the Islamabad Stock Exchange. European Journal of Pure and
Applied Mathematics, 18(3), 6434-6434 (2025). https://doi.org/10.29020/nybg.ejpam.v18i3.6434

[5] Alomair, A. M., & Ahmad, S. New comprehensive mean estimation using regression-cum-
exponential type estimator: Application with neutrosophic data. Kuwait Journal of Science, 52(1),
100346 (2025). https://doi.org/10.1016/j.kjs.2024.100346

[6] Alomair, A. M., & Shahzad, U. Neutrosophic mean estimation of sensitive and non-sensitive
variables with robust hartley-ross-type estimators. Axioms, 12(6), 578 (2023). https://doi.org/
10.3390/axioms12060578

[7] Bhushan, S. & Pandey, A.P. Optimal imputation of missing data for estimation of population
mean. Journal of Statistics and Management Systems, 19(6), 755-769 (2016). https://doi.org/10.
1080/09720510.2016.1220099

[8] Bhushan, S., Kumar, A., Pandey, A.P. & Singh, S. Estimation of population mean in presence
of missing data under simple random sampling. Communications in Statistics-Simulation and com-
putation, 52(12), 6048-6069 (2023). https://doi.org/10.1080/03610918.2021.2006713

[9] Bhushan, S., Kumar, A., Zaman, T. & Al Mutairi, A. Efficient difference and ratio-type impu-
tation methods under ranked set sampling. Axioms, 12(6), 558 (2023). https://doi.org/10.3390/
axioms12060558

[10] Chen, H., Stasny, E.A. and Wolfe, D.A. Ranked set sampling for efficient estimation of a
population proportion. Statistics in Medicine, 24(21), 3319-3329 (2005). https://doi.org/10.1002/
sim.2158

[11] Cochran, W.G. (1977). Sampling techniques. John Wiley & Sons.

[12] Dell, T.R., & Clutter, J.L. Ranked set sampling theory with order statistics background. Bio-
metrics, 545-555 (1972). https://doi.org/10.2307/2556166

[13] Diana, G. & Perri, P.F.. Improved estimators of the population mean for missing data. Com-
munication in Statistics - Theory and Methods, 39, 3245-3251 (2010). https://doi.org/10.1080/
03610920903009400

[14] Heitjan D.F. & Basu S. Distinguishing ‘Missing at Random’ and ‘Missing Completely at Ran-
dom’. The American Statistician, 50, 207-213 (1996). https://doi.org/10.1080/00031305.1996.
10474381

[15] Jabari Koopaei, L., Zamanzade, E., Parvardeh, A., & Wang, X. Nonparametric estimation of
a biometric function using ranked set sampling with ties information. Biometrical Journal, 67(2),
e70007 (2025). https://doi.org/10.1002/bimj.70007

[16] Kumar, A., & Priya, P. Mean estimation under indeterminacy using a novel class
of neutrosophic estimators. Quality & Quantity, 1-25 (2026). https://doi.org/10.1007/
s11135-026-02625-0

Braz. J. Biom., v.44, e-44969, 2026. 21

https://doi.org/10.1016/j.heliyon.2024.e28934
https://doi.org/10.1016/j.heliyon.2024.e28934
https://doi.org/10.29020/nybg.ejpam.v18i3.6434
https://doi.org/10.1016/j.kjs.2024.100346
https://doi.org/10.3390/axioms12060578
https://doi.org/10.3390/axioms12060578
https://doi.org/10.1080/09720510.2016.1220099
https://doi.org/10.1080/09720510.2016.1220099
https://doi.org/10.1080/03610918.2021.2006713
https://doi.org/10.3390/axioms12060558
https://doi.org/10.3390/axioms12060558
https://doi.org/10.1002/sim.2158
https://doi.org/10.1002/sim.2158
https://doi.org/10.2307/2556166
https://doi.org/10.1080/03610920903009400
https://doi.org/10.1080/03610920903009400
https://doi.org/10.1080/00031305.1996.10474381
https://doi.org/10.1080/00031305.1996.10474381
https://doi.org/10.1002/bimj.70007
https://doi.org/10.1007/s11135-026-02625-0
https://doi.org/10.1007/s11135-026-02625-0


Kumar & Kumar

[17] Kumar, A., & Kumar, V. Estimating population mean of climate data via neutrosophic impu-
tation in simple random sampling. Quality & Quantity, 1-30 (2025a). https://doi.org/10.1007/
s11135-025-02503-1

[18] Kumar, A., & Kumar, V. Simulation based evaluation of neutrosophic exponential imputations
of population mean using neutrosophic ranked set sampling. Franklin Open, 100468 (2025b).
https://doi.org/10.1016/j.fraope.2025.100468

[19] Kumar, A., & Kumar, V. Uncertainty based efficient neutrosophic imputation methods
for population mean. National Academy Science Letters, 1-11 (2025c). https://doi.org/10.1007/
s40009-025-01660-z

[20] Kumar, A., Bhushan, S., Shukla, S., Almanjahie, I.M., Khan, M.J.S. & Al-Omari, A.I. On
some robust imputation methods in presence of correlated measurement errors with real data
applications. Alexandria Engineering Journal, 104, 136-149 (2024). https://doi.org/10.1016/j.aej.
2024.05.112

[21] Lee, H., Rancourt, E. & Sarndal, C.E. Experiments with variance estimation from survey data
with imputed values. Journal of Official Statistics, 10, 231-243 (1994). https://www.asasrms.org/
Proceedings/papers/1991_119.pdf

[22] McIntyre, G.A. A method for unbiased selective sampling, using ranked sets. Australian journal
of agricultural research, 3(4), 385-390 (1952). https://doi.org/10.1071/AR9520385

[23] Masood, S., Ibrar, B., Shabbir, J., Shokri, A. & Movaheedi, Z. Estimating neutrosophic fi-
nite median employing robust measures of the auxiliary variable. Scientific Reports, 14(1), 10255
(2024). https://doi.org/10.1038/s41598-024-60714-2

[24] Priya, & Kumar, A. Robust neutrosophic exponential estimators of population mean in the
presence of uncertainty. Quality & Quantity, 59(4), 3827-3850 (2025). https://doi.org/10.1007/
s11135-025-02150-6

[25] Prasad, S. Ratio exponential type estimators with imputation for missing data in sample sur-
veys. Model Assisted Statistics and Applications, 12(2), 95-106 (2017). https://doi.org/10.3233/
MAS-170386

[26] Rehman, S.A. & Shabbir, J. An efficient class of estimators for finite population mean in the
presence of non-response under ranked set sampling (RSS). Plos one, 17(12), e0277232 (2022).
https://doi.org/10.1371/journal.pone.0277232

[27] Rehman, S.A., Shabbir, J. & Al-essa, L.A. On the development of survey methods for novel
mean imputation and its application to abalone data. Heliyon, 10(11) (2024). https://doi.org/10.
1371/journal.pone.0277232

[28] Rubin R.B. Inference & missing data. Biometrika. 63(3), 581-592 (1976). https://doi.org/10.
1093/biomet/63.3.581

[29] Searls, D.T. The utilization of a known coefficient of variation in the estimation procedure.
Journal of the American Statistical Association, 59(308), 1225-1226 (1964). https://doi.org/10.1080/
01621459.1964.10480765

[30] Sohail, M. U., Shabbir, J. & Sohil, F. Imputation of missing values by using raw
moments. Statistics in Transition new series, 20(1), 21-40 (2019). https://doi.org/10.21307/
stattrans-2019-002

22 Braz. J. Biom., v.44, e-44969, 2026.

https://doi.org/10.1007/s11135-025-02503-1
https://doi.org/10.1007/s11135-025-02503-1
https://doi.org/10.1016/j.fraope.2025.100468
https://doi.org/10.1007/s40009-025-01660-z
https://doi.org/10.1007/s40009-025-01660-z
https://doi.org/10.1016/j.aej.2024.05.112
https://doi.org/10.1016/j.aej.2024.05.112
https://www.asasrms.org/Proceedings/papers/1991_119.pdf
https://www.asasrms.org/Proceedings/papers/1991_119.pdf
https://doi.org/10.1071/AR9520385
https://doi.org/10.1038/s41598-024-60714-2
https://doi.org/10.1007/s11135-025-02150-6
https://doi.org/10.1007/s11135-025-02150-6
https://doi.org/10.3233/MAS-170386
https://doi.org/10.3233/MAS-170386
https://doi.org/10.1371/journal.pone.0277232
https://doi.org/10.1371/journal.pone.0277232
https://doi.org/10.1371/journal.pone.0277232
https://doi.org/10.1093/biomet/63.3.581
https://doi.org/10.1093/biomet/63.3.581
https://doi.org/10.1080/01621459.1964.10480765
https://doi.org/10.1080/01621459.1964.10480765
https://doi.org/10.21307/stattrans-2019-002
https://doi.org/10.21307/stattrans-2019-002


Kumar & Kumar

[31] Sohail, M.U., Sohil, F. & Shabbir, J. Comparative study of different imputation methods. Com-
munications in Statistics-Simulation and Computation, 52(8), 3452-3474 (2023). https://doi.org/10.
1080/03610918.2021.1937647

[32] Singh, H.P. & Horn, S. An alternative estimator for multi-character surveys. Metrika, 48, 99-
107 (1998). https://doi.org/10.1007/PL00020899

[33] Stokes, S.L. Ranked set sampling with concomitant variables. Communications in Statistics-
Theory and Methods, 6(12), 1207-1211 (1977). https://doi.org/10.1080/03610927708827563

[34] Stokes, S.L. & Sager, T.W. Characterization of a ranked-set sample with application to esti-
mating distribution functions. Journal of the American Statistical Association, 83, 374-381 (1988).
https://doi.org/10.1080/01621459.1988.10478607

[35] Singh, P., & Gupta, S. Combining two auxiliary variables for elevated estimation of finite
population mean under neutrosophic framework. Neutrosophic Sets and Systems, 76(1), 16(2024).
https://digitalrepository.unm.edu/nss_journal/vol76/iss1/16

[36] Shahzad, U., Zhu, H., Albalawi, O., & Arslan, M. Neutrosophic developments in Horvitz-
Thompson type estimators. Mathematical Population Studies, 32(2), 69-82 (2025). https://doi.org/
10.1080/08898480.2025.2464020

[37] Tahir, Z., Khan, H., Aslam, M., Shabbir, J., Mahmood, Y., & Smarandache, F. Neutrosophic
ratio-type estimators for estimating the population mean. Complex & Intelligent Systems, 7(6),
2991-3001 (2021). https://doi.org/10.1007/s40747-021-00439-1

[38] Yadav, V. K., & Prasad, S. Generalized class of factor type exponential imputation techniques
for population mean using simulation approach. Journal of Statistical Computation and Simulation,
94(9), 1997-2039 (2024a). https://doi.org/10.1080/00949655.2024.2310699

[39] Yadav, V. K., & Prasad, S. Neutrosophic estimators for estimating the population mean in
survey sampling. Measurement: Interdisciplinary Research and Perspectives, 22(4), 373-397 (2024b).
https://doi.org/10.1080/15366367.2023.2267835

[40] Zamanzade, E., & Al-Omari, A. I. New ranked set sampling for estimating the population
mean and variance. Hacettepe Journal of Mathematics and Statistics, 45(6), 1891-1905 (2016). 10.
15672/HJMS.20159213166

[41] Zamanzade, E., & Wang, X. Proportion estimation in ranked set sampling in the presence
of tie information. Computational Statistics, 33(3), 1349-1366 (2018). https://doi.org/10.1007/
s00180-018-0807-x

[42] Zamanzade, E., & Mahdizadeh, M. Using ranked set sampling with extreme ranks in esti-
mating the population proportion. Statistical methods in medical research, 29(1), 165-177 (2020).
https://doi.org/10.1177/0962280218823793

[43] Zamanzade, E., Zamanzade, E., & Parvardeh, A. Estimation of a decreasing mean residual life
based on ranked set sampling with an application to survival analysis. The international journal of
biostatistics, 20(2), 571-583 (2024). https://doi.org/10.1515/ijb-2023-0051

Braz. J. Biom., v.44, e-44969, 2026. 23

https://doi.org/10.1080/03610918.2021.1937647
https://doi.org/10.1080/03610918.2021.1937647
https://doi.org/10.1007/PL00020899
https://doi.org/10.1080/03610927708827563
https://doi.org/10.1080/01621459.1988.10478607
https://digitalrepository.unm.edu/nss_journal/vol76/iss1/16
https://doi.org/10.1080/08898480.2025.2464020
https://doi.org/10.1080/08898480.2025.2464020
https://doi.org/10.1007/s40747-021-00439-1
https://doi.org/10.1080/00949655.2024.2310699
https://doi.org/10.1080/15366367.2023.2267835
10.15672/HJMS.20159213166
10.15672/HJMS.20159213166
https://doi.org/10.1007/s00180-018-0807-x
https://doi.org/10.1007/s00180-018-0807-x
https://doi.org/10.1177/0962280218823793
https://doi.org/10.1515/ijb-2023-0051


Kumar & Kumar

Appendix A
Proof. Consider the first proposed resulting neutrosophic estimator under scheme I as

Tv1 =
[
α1ȳrN ,rss +γ1ȳrN ,rss

{
X̄N

θN x̄nN ,rss + (1 –θN )X̄N

}g]{
1 + log

(
x̄nN ,rss

X̄N

)}ϕ1

Utilizing the notations given in (1.1), we can express the above estimator as

Tv1 – ȲN = ȲN


α1

{
1 +ϵ0N +ϕ1ϵ2N +ϕ1ϵ0Nϵ2N +

ϕ1(ϕ1 – 2)
2

ϵ2
2N

}

+γ1


1 +ϵ0N +ϕ1ϵ2N – gθNϵ2N – gθNϵ0Nϵ2N

–ϕ1gθNϵ2
2N +ϕ1ϵ0Nϵ2N +

g(g + 1)
2

θ2
Nϵ2

2N

+
ϕ1(ϕ1 – 2)

2
ϵ2

2N

– 1


(A.1)

Taking expectation both the sides of (A.1), we get the bias of the proposed neutrosophic estimator
as

Bias(Tv1 ) = ȲN


α1

{
1 +ϕ1V01 +

ϕ1(ϕ1 – 2)
2

V1

}
+γ1


{

g(g + 1)
2

θ2
N –ϕ1gθN +

ϕ1(ϕ1 – 2)
2

}
V1

+(ϕ1 – gθN )V01

– 1

 (A.2)

The above expression can further be expressed as

Bias(Tv1 ) = ȲN (α1D1 +γ1E1 – 1) (A.3)

where

D1 = 1 +
ϕ1(ϕ1 – 2)

2
V1 +ϕ1V01,

E1 = 1 +
{

g(g + 1)
2

θ2
N –ϕ1gθN +

ϕ1(ϕ1 – 2)
2

}
V1 + (ϕ1 – gθN )V01.

Again, squaring and taking expectation both sides to (A.1), we can get the proposed estimator’s
MSE up to the first order approximation as

MSE(Tv1 ) = Ȳ2
N



1 +α2
1
{

1 + V∗
0 + 2ϕ1(ϕ1 – 1)V1 + 4ϕ1V01

}
+γ2

1

 1 + V∗
0 +
(

2ϕ1(ϕ1 – 1) + g(g + 1)θ2
N

+g2θ2
N – 4ϕ1gθN

)
V1

+4(ϕ1 – gθN )V01


+2α1γ1

 1 + V∗
0 +

 g(g + 1)
2

θ2
N – 2ϕ1gθN

+2ϕ1(ϕ1 – 1)

V1

+4(ϕ1 – gθN )V01


–2α1

{
1 +

ϕ1(ϕ1 – 2)
2

V1 +ϕ1V01

}
–2γ1

 1 +
(

g(g + 1)
2

θ2
N –ϕ1gθN +

ϕ1(ϕ1 – 2)
2

)
V1

+(ϕ1 – gθN )V01





(A.4)
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The above expression can further be expressed as

MSE(Tv1 ) = Ȳ2
N (1 +α2

1A1 +γ2
1B1 + 2α1γ1NC1 – 2α1D1 – 2γ1E1) (A.5)

where,

A1 = 1 + V∗
0 + 2ϕ1(ϕ1 – 1)V1 + 4ϕ1V01,

B1 =
[

1 + V∗
0 +
(
2ϕ1(ϕ1 – 1) + g2θ2

N + g(g + 1)θ2
N – 4gθNϕ1

)
V1

+4(ϕ1 – gθN )V01

]
,

C1 =

 1 + V∗
0 +
{

g(g + 1)
2

θ2
N + 2ϕ1(ϕ1 – 1) – 2ϕ1gθN

}
V1

+4(ϕ1 – gθN )V01

 ,

D1 = 1 +
ϕ1(ϕ1 – 2)

2
V1 +ϕ1V01,

E1 =

 1 +
(

g(g + 1)
2

θ2
N –ϕ1gθN +

ϕ1(ϕ1 – 2)
2

)
V1

+(ϕ1 – gθN )V01

 .

The optimum values of scalars α1, γ1, and ϕ1 are given by

α1(opt) =
B1D1 – C1E1

A1B1 – C2
1

,

γ1(opt) =
A1E1 – C1D1

A1B1 – C2
1

,

and ϕ1(opt) = –ρxyN

CyN

CxN
.

The minimum MSE can be obtained by putting optimum values of α1 and γ1 in (A.5) as

min.MSE(Tv1 ) = Ȳ2
N

(
1 –

A1E2
1 + B1D2

1 – 2C1D1E1

A1B1 – C2
1

)
. (A.6)

Similarly, we can find out the bias and MSE of the resulting neutrosophic estimators under schemes
II and III.
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